
HW #10

1. Variational Method

Plot of the potential

The potential in the problem is V = 50 He-x - 1L2 .  

V = 50 HE-x - 1L2
50 H-1 + ‰-xL2
Plot@V, 8x, -1, 1<D

-1 -0.5 0.5 1

10

20

30

40

Ü Graphics Ü

It  is  basically  quadratic  around  zero  and  is  very  steep.   One  may guess  that  the  harmonic  oscillator  is  a  pretty  good
approximation.

Initial guess

Series@V, 8x, 0, 3<D
50 x2 - 50 x3 + O@xD4

If we try to identify the first term with the harmonic oscillator potential 1ÅÅÅÅ2  m w x2 , we find w = 10  because m = 1. Then one
may hope that it would give the ground-state energy 1ÅÅÅÅ2  — w = 5.  However, this hope is not quite fulfilled.  Using the ground-
state wave function of the harmonic oscillator, 

y = J m w
ÅÅÅÅÅÅÅÅÅÅ
p —

N1ê4  E-m w x2 êH2 —L
‰- m x2 wÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 — H m wÅÅÅÅÅÅ

—
L1ê4

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
p1ê4
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y = y ê. 8m Ø 1, w Ø 10, — Ø 1<
‰-5 x2 J 10

ÅÅÅÅÅÅÅ
p

N1ê4
K =

-—2
ÅÅÅÅÅÅÅÅÅÅ
2 m

 Integrate@y D@y, 8x, 2<D, 8x, -¶, ¶<D ê. 8— Ø 1, m Ø 1<
5
ÅÅÅÅ2

P = Integrate@y2  V, 8x, -¶, ¶<D
Unique::usym :  5ê2 is not a symbol or a valid symbol name.

50 H1 - 2 ‰1ê40 + ‰1ê10L
Ebar = K + P

5
ÅÅÅÅ2 + 50 H1 - 2 ‰1ê40 + ‰1ê10L
N@%D
5.22703

The error is

% - 39ê 8
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
39ê 8

0.0722121

and is bigger than 5%, but is pretty good, accurate within 7.22%.
Therefore, we are motivated to try a Gaussian as a trial function.

Gaussian trial function

y =
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
p1ê4  D1ê2  E-x2êH2 D2L

‰- x2ÅÅÅÅÅÅÅÅÅÅÅ
2 D2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
p1ê4 è!!!

D

K =
-—2
ÅÅÅÅÅÅÅÅÅÅ
2 m

 Integrate@y D@y, 8x, 2<D, 8x, -¶, ¶<, Assumptions Ø D > 0D ê. 8— Ø 1, m Ø 1<
Unique::usym :  5ê2 is not a symbol or a valid symbol name.

1
ÅÅÅÅÅÅÅÅÅÅÅ4 D2

P = Integrate@y2  V, 8x, -¶, ¶<, Assumptions Ø D > 0D
Unique::usym :  1êH4*D^2L is not a symbol or a valid symbol name.

50 J1 - 2 ‰
D2ÅÅÅÅÅÅÅ4 + ‰D2 N
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Ebar = K + P

50 J1 - 2 ‰
D2ÅÅÅÅÅÅÅ4 + ‰D2 N +

1
ÅÅÅÅÅÅÅÅÅÅÅ4 D2

FindMinimum@Ebar, 8D, 10-1ê2<D85.20891, 8D Ø 0.304036<<
%@@1DD - 39ê 8
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

39ê 8
0.0684949

It has improved, but not yet within 5%.

Linear times Gaussian

One way to improve it further is the following.  Note that the potential is not parity symmetric, and hence the groundstate
wavefunction is not expected to be an even function.  Because the potential is lower on the right, we expect the wave func-
tion is skewed towards the right.  Therefore, we can try

y = H1 + k xL E-x2 êH2 D2 L
‰- x2ÅÅÅÅÅÅÅÅÅÅÅ

2 D2 H1 + k xL
It is not normalized at this point, and we calculate its norm

norm2 = Integrate@y2, 8x, -¶, ¶<, Assumptions Ø D > 0D
Unique::usym :  1êH4*D^2L is not a symbol or a valid symbol name.

1
ÅÅÅÅ2

è!!!
p D H2 + k2 D2L

K =
-—2
ÅÅÅÅÅÅÅÅÅÅ
2 m

 Integrate@y D@y, 8x, 2<D, 8x, -¶, ¶<, Assumptions Ø D > 0D ê. 8m Ø 1, — Ø 1<
Unique::usym :  1êH4*D^2L is not a symbol or a valid symbol name.è!!!

p H2 + 3 k2 D2L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ8 D

P = Integrate@y2  V, 8x, -¶, ¶<, Assumptions Ø D > 0D
Unique::usym :  á30à is not a symbol or a valid symbol name.

25è!!!
p DJ2 - 4 ‰

D2ÅÅÅÅÅÅÅ4 + 2 ‰D2 + 4 ‰
D2ÅÅÅÅÅÅÅ4 k D2 - 4 ‰D2 k D2 + k2 D2 - 2 ‰

D2ÅÅÅÅÅÅÅ4 k2 D2 + ‰D2 k2 D2 - ‰
D2ÅÅÅÅÅÅÅ4 k2 D4 + 2 ‰D2 k2 D4N
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Ebar =
K + P

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
norm2ikjjj2 ikjjj è!!!

p H2 + 3 k2 D2L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ8 D

+ 25 è!!!p D J2 - 4 ‰
D2ÅÅÅÅÅÅÅ4 + 2 ‰D2 + 4 ‰

D2ÅÅÅÅÅÅÅ4 k D2 - 4 ‰D2 k D2 +

k2 D2 - 2 ‰
D2ÅÅÅÅÅÅÅ4 k2 D2 + ‰D2 k2 D2 - ‰

D2ÅÅÅÅÅÅÅ4 k2 D4 + 2 ‰D2 k2 D4Ny{zzzy{zzz ì Hè!!!p D H2 + k2 D2LL
solution = FindMinimum@Ebar, 8D, 10-1ê2<, 8k, 0<D84.92615, 8D Ø 0.331209, k Ø 0.764293<<
solution@@1DD - 39ê 8
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

39ê 8
0.0104928

This is correct at the 1% level!  The wave function is therefore

y
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!
norm2

ê. solution@@2DD
1.28473 ‰-4.55792 x2 H1 + 0.764293 xL
PlotA y

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!norm2
ê. solution@@2DD, 8x, -1, 1<E
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As expected, it is more or less a Gaussian, but skewed to the right.
Obviously, there are many ways to improve Gaussian.  I hope you found one successfully.

The analytic solution

This problem is actually a special case of the Morse potential

V = D HE-a u - 1L2
D H-1 + ‰-a uL2
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This  potential  is a form of the inter-atomic  potential  in diatomic  molecules  proposed by P.M. Morse,  Phys.  Rev. 34,  57
(1929).   The variable  u  is  the  distance  between  two atoms minus  its  equilibrium  distance  u = r - r0 .   The Schrödinger
equation can be solved analytically.  Expanding it around the minimum,

Series@V, 8u, 0, 4<D
a2 D u2 - a3 D u3 +

7
ÅÅÅÅÅÅÅ12 a4 D u4 + O@uD5

Harmonic  oscillator  approximation  gives  w = "############2 a2  DÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅm .   The  correct  energy  eigenvalues  are  known  to  be
En = — wHn + 1ÅÅÅÅ2 L - —2  a2

ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 m  Hn + 1ÅÅÅÅ2 L2 , where the second term is called the anharmonicanharmonic  correction.  For large n , the
second term will  dominate  and  the  energy appears  to become negative.   Clearly,  the bound  state spectrum does not  go
forever, and ends at a certain value of n , quite different from the harmonic oscillator.  But this is expcted because the poten-
tial energy asymptotes to D  for u Ø +¶  and hence states for E > D  must be unbound and hence have a continuous spectrum.
The ground-state wave function is known to have the form

y = E-d E-a u
 E-b a uê2

‰-d ‰-a u - a b uÅÅÅÅÅÅÅÅÅÅÅ2

where b = 2 d - 1, d =
è!!!!!!!!!!!!!2 D mÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa — .  Let us see that it satisfies the Schrödinger equation.

SimplifyA I- —2ÅÅÅÅÅÅ
2 m

 D@y, 8u, 2<D + D HE-a u - 1L2  yM
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

y
ê. 8b Ø 2 d - 1< ê. 9d ->

è!!!!!!!!!!!
2 D m

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
a —

=E
-
a — H-4è!!!2 è!!!!!!!D m + a —L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ8 m

The first term is 1ÅÅÅÅ2  — w = — a "########DÅÅÅÅÅÅÅÅÅ2 m  and the zero-point energy with the harmonic oscillator approximation.  The second term
- —2  a2

ÅÅÅÅÅÅÅÅÅÅÅÅÅ8 m  is the anharmonic correction.
The normalization is

norm2 = Integrate@y2, 8u, -¶, ¶<, Assumptions Ø a > 0 && d > 0D
Unique::usym :  1êH4*D^2L is not a symbol or a valid symbol name.

2-b d-b Gamma@bD
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅa

Actually, this wave function could have been guessed if one pays a careful attention to the asymptotic behaviors.  For u Ø ¶ ,
the potential asymptotes to a constant D , and hence the wave function must damp exponentially e-k u  with k =

è!!!!!!!!!!!!!!!!2 m » E » ë — .
For  u Ø -¶ ,  the potential  rises extremely  steeply  as  D e-2 a u .   It  suggests that  the  energy eigenvalue  becomes quickly
irrelevant, and the behavior of the wave function must be given purely by the rising behavior of the potential.  By dropping
the energy eigenvalue and looking at the Schrödinger equation,
-—2
ÅÅÅÅÅÅÅÅÅÅ2 m  d2  yÅÅÅÅÅÅÅÅÅÅÅd u2 + D e-2 a u  y = 0,
and change the variable to y = e-a u , we find
-—2
ÅÅÅÅÅÅÅÅÅÅ2 m  I d2  yÅÅÅÅÅÅÅÅÅÅÅd y2 + 1ÅÅÅÅy  d yÅÅÅÅÅÅÅÅÅd y M + D y = 0.
The second term in the parentheses is neglible for y Ø ¶ .  Therefore the wave function has the behavior y  e-

è!!!!!!!!!!!!!2 m D  yê— a .
Combining the behavior on both ends, the wave function has precisely the exact form given above.
This is the lesson: the one-dimensional potential problem is so simple that there are many ways to study the behavior of the
wave function.   On the other hand,  the real-world problem involves many more degrees of freedom.  In many cases, the
Hamiltonian itself must be guessed.
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Back to the Morse potential.  The case of the homework problem corresponds to D = 50, a = 1, m = 1, — = 1.  Therefore the
groundstate energy is E0 = 1ÅÅÅÅ2  — a "########DÅÅÅÅÅÅÅÅÅ2 m - —2  a2

ÅÅÅÅÅÅÅÅÅÅÅÅÅ8 m = 5 - 1ÅÅÅÅ8 = 39ÅÅÅÅÅÅÅ8 .

SimplifyA 1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!norm2

 y ê. 8b Ø 2 d - 1< ê. 9d Ø

è!!!!!!!!!!!
2 D m

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
a —

= ê. 8D Ø 50, a Ø 1, m Ø 1, — Ø 1<E
800000000 ‰-10 ‰-u - 19 uÅÅÅÅÅÅÅÅÅÅ2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

567 è!!!!!!!!!!!2431

PlotA 800000000 ‰-10 ‰-u- 19 uÅÅÅÅÅÅÅÅÅÅ2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
567

è!!!!!!!!!!!
2431

, 8u, -1, 1<, PlotPoints Ø 50E
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The variational linear times Gaussian wave function was

PlotA1.2847346074584307` ‰-4.557919801537102` x2 H1 + 0.7642931913579979` xL,8x, -1, 1<, PlotPoints Ø 50E
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Show@%, %%D
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Quite close.

2. Neutrino Oscillation

(a)

The unitarity matrix is881, 0, 0<, 80, Cos@q23D, Sin@q23D<, 80, -Sin@q23D, Cos@q23D<< êê MatrixFormikjjjjjjj 1 0 0
0 Cos@q23D Sin@q23D
0 -Sin@q23D Cos@q23D y{zzzzzzz88Cos@q13D, 0, Sin@q13D E-I d<, 80, 1, 0<, 8-Sin@q13D EI d, 0, Cos@q13D<< êê MatrixFormikjjjjjjjj Cos@q13D 0 ‰-Â d Sin@q13D

0 1 0
-‰Â d Sin@q13D 0 Cos@q13D y{zzzzzzzz88Cos@q12D, Sin@q12D, 0<, 8-Sin@q12D, Cos@q12D, 0<, 80, 0, 1<< êê MatrixFormikjjjjjjj Cos@q12D Sin@q12D 0
-Sin@q12D Cos@q12D 0

0 0 1

y{zzzzzzz
U = 881, 0, 0<, 80, Cos@q23D, Sin@q23D<, 80, -Sin@q23D, Cos@q23D<<.88Cos@q13D, 0, Sin@q13D E-I d<, 80, 1, 0<, 8-Sin@q13D EI d, 0, Cos@q13D<<.88Cos@q12D, Sin@q12D, 0<, 8-Sin@q12D, Cos@q12D, 0<, 80, 0, 1<<88Cos@q12D Cos@q13D, Cos@q13D Sin@q12D, ‰-Â d Sin@q13D<,8-Cos@q23D Sin@q12D - ‰Â d Cos@q12D Sin@q13D Sin@q23D,
Cos@q12D Cos@q23D - ‰Â d Sin@q12D Sin@q13D Sin@q23D, Cos@q13D Sin@q23D<,8-‰Â d Cos@q12D Cos@q23D Sin@q13D + Sin@q12D Sin@q23D,
-‰Â d Cos@q23D Sin@q12D Sin@q13D - Cos@q12D Sin@q23D, Cos@q13D Cos@q23D<<
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Udagger = Transpose@U ê. 8d Ø -d<D88Cos@q12D Cos@q13D, -Cos@q23D Sin@q12D - ‰-Â d Cos@q12D Sin@q13D Sin@q23D,
-‰-Â d Cos@q12D Cos@q23D Sin@q13D + Sin@q12D Sin@q23D<,8Cos@q13D Sin@q12D, Cos@q12D Cos@q23D - ‰-Â d Sin@q12D Sin@q13D Sin@q23D,
-‰-Â d Cos@q23D Sin@q12D Sin@q13D - Cos@q12D Sin@q23D<,8‰Â d Sin@q13D, Cos@q13D Sin@q23D, Cos@q13D Cos@q23D<<

Simplify@Udagger.UD881, 0, 0<, 80, 1, 0<, 80, 0, 1<<
For the two-by-two case, the unitarity matrix is

U23 = U ê. 8q12 Ø 0, q13 Ø 0<881, 0, 0<, 80, Cos@q23D, Sin@q23D<, 80, -Sin@q23D, Cos@q23D<<
% êê MatrixFormikjjjjjjj 1 0 0
0 Cos@q23D Sin@q23D
0 -Sin@q23D Cos@q23D y{zzzzzzz

The main point in the calculation is that the Hamiltonian can be written as
H = UIc p + m2  c3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p M U† ,
and hence the time evolution operator is
e-i H tê— = U e-iHc p+m2  c3 ê2 pL tê—  U†

= e-i c p tê—  U  

i
kjjjjjjjjjjj

e-i m1
2  c3  tê2 p — 0 0
0 e-i m2

2  c3  tê2 p — 0
0 0 e-i m3

2  c3  tê2 p —

y
{zzzzzzzzzzz U†

The amplitude of our interest is

A = E-I c p tê—  I80, 1, 0<.U23.DiagonalMatrixA9E-I m1 2  c3  têH2 p —L, E-I m2 2  c3  têH2 p —L, E-I m3 2  c3  têH2 p —L=E.
Transpose@U23D.880<, 81<, 80<<M@@1DD

‰- Â c p tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ—
ikjj‰-

Â c3 t m2
2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q23D2 + ‰-
Â c3 t m3

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Sin@q23D2y{zz

Astar = A ê. 8t Ø -t<
‰

Â c p tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ—
ikjj‰

Â c3 t m2
2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q23D2 + ‰
Â c3 t m3

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Sin@q23D2y{zz

Psurv = Simplify@ExpToTrig@Expand@A AstarDDD
Cos@q23D4 + 2 CosA c3 t Hm22 - m32LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q23D2 Sin@q23D2 + Sin@q23D4
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This can be rewritten as
Psurv

= cos4  q23 + 2 cos2  q23  sin2  q23  cosHm2
2 - m3

2 L c3  tÅÅÅÅÅÅÅÅÅÅÅÅ2 — p + sin4  q23

= Hcos2  q23 + sin2  q23 L2 - 2 cos2  q23  sin2  q23 + 2 cos2  q23  sin2  q23  cosHm2
2 - m3

2 L c3  tÅÅÅÅÅÅÅÅÅÅÅÅ2 — p

= 1 - 2 cos2  q23  sin2  q23 I1 - cosHm2
2 - m3

2 L c3  tÅÅÅÅÅÅÅÅÅÅÅÅ2 — p M
= 1 - 4 cos2  q23  sin2  q23  sin2 Hm2

2 - m3
2 L c3  tÅÅÅÅÅÅÅÅÅÅÅÅ4 — p

= 1 - sin2  2 q23  sin2  Hm2
2 -m3

2 L c3  tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 — p .
This is nothing but Eq. (5) in the problem.

(b)

For  p = 1 GeV,  m3
2 - m2

2 = 2.5ä 10-3  eV2 ê c2 ,  and  using  — = 6.582 ä 10-22  MeV sec = 6.582 ä10-16  eV sec  and
c = 3.00ä 1010  cm sec-1 , the argument of sin2 is 2.5ä10-3  eV2 êc2  c3  tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc 4 109  eV 6.582 10-16  eV sec = 950 tÅÅÅÅÅÅÅÅÅÅÅÅÅsec = 950 c tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc sec = 317 LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1010  cm = 3.17ä 10-3  LÅÅÅÅÅÅÅÅkm .
Taking q23 = 1ÅÅÅÅÅÅÅÅÅÅè!!!!2 and hence sin2  2 q23 = 1, we find
Psurv = 1 - sin2 H3.17ä 10-3  LÅÅÅÅÅÅÅÅkm L = cos2 H3.17ä 10-3  LÅÅÅÅÅÅÅÅkm L .

PlotACos@3.17 10-3  LD2, 8L, 0, 10000<E
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The oscillation occurs on the distances of thousands of kilometers.  This is what had been observed by the SuperKamiokande
experiment, Phys. Rev. 93, 101801 (2004), even though the data shows nearly washed-out oscillation due to the so-so resolu-
tion in energy and distance.  A very macroscopic quantum phenomenon.

(c)

For the three-state case, we keep all angles, and we calculate the oscillation probability from nm to ne ,
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Amue =

E-I c p tê—  I81, 0, 0<.U.DiagonalMatrixA9E-I m1 2  c3  têH2 p —L, E-I m2 2  c3  têH2 p —L, E-I m3 2  c3  têH2 p —L=E.Udagger.880<, 81<, 80<<M@@1DD
‰- Â c p tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ—

ikjj‰-Â d-
Â c3 t m3

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q13D Sin@q13D Sin@q23D +

‰-
Â c3 t m1

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q12D Cos@q13D H-Cos@q23D Sin@q12D - ‰-Â d Cos@q12D Sin@q13D Sin@q23DL +

‰-
Â c3 t m2

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q13D Sin@q12D HCos@q12D Cos@q23D - ‰-Â d Sin@q12D Sin@q13D Sin@q23DLy{zz

Amuestar = % ê. 8t Ø -t, d Ø -d<
‰

Â c p tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ—
ikjj‰Â d+

Â c3 t m3
2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q13D Sin@q13D Sin@q23D +

‰
Â c3 t m1

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q12D Cos@q13D H-Cos@q23D Sin@q12D - ‰Â d Cos@q12D Sin@q13D Sin@q23DL +

‰
Â c3 t m2

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q13D Sin@q12D HCos@q12D Cos@q23D - ‰Â d Sin@q12D Sin@q13D Sin@q23DLy{zz

Pmue = ExpToTrig@Expand@Amue AmuestarDD
2 Cos@q12D2 Cos@q13D2 Cos@q23D2 Sin@q12D2 -

2 CosA c3 t m12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —
-
c3 t m22ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D2 Cos@q13D2 Cos@q23D2 Sin@q12D2 -

2 CosAd -
c3 t m12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

+
c3 t m32ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D Cos@q13D2 Cos@q23D Sin@q12D Sin@q13D Sin@q23D +

2 CosAd -
c3 t m22ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

+
c3 t m32ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D Cos@q13D2 Cos@q23D Sin@q12D Sin@q13D Sin@q23D +

2 Cos@dD Cos@q12D3 Cos@q13D2 Cos@q23D Sin@q12D Sin@q13D Sin@q23D -

2 CosAd +
c3 t m12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

-
c3 t m22ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D3 Cos@q13D2 Cos@q23D Sin@q12D Sin@q13D Sin@q23D -

2 Cos@dD Cos@q12D Cos@q13D2 Cos@q23D Sin@q12D3 Sin@q13D Sin@q23D +

2 CosAd -
c3 t m12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

+
c3 t m22ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D Cos@q13D2 Cos@q23D Sin@q12D3 Sin@q13D Sin@q23D +

Cos@q13D2 Sin@q13D2 Sin@q23D2 - 2 CosA c3 t m12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —
-
c3 t m32ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D2 Cos@q13D2 Sin@q13D2 Sin@q23D2 +

Cos@q12D4 Cos@q13D2 Sin@q13D2 Sin@q23D2 -

2 CosA c3 t m22ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —
-
c3 t m32ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q13D2 Sin@q12D2 Sin@q13D2 Sin@q23D2 +

2 CosA c3 t m12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —
-
c3 t m22ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D2 Cos@q13D2 Sin@q12D2 Sin@q13D2 Sin@q23D2 +

Cos@q13D2 Sin@q12D4 Sin@q13D2 Sin@q23D2
and from ne to nm ,
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Aemu =

E-I c p tê—  I80, 1, 0<.U.DiagonalMatrixA9E-I m1 2  c3  têH2 p —L, E-I m2 2  c3  têH2 p —L, E-I m3 2  c3  têH2 p —L=E.Udagger.881<, 80<, 80<<M@@1DD
‰- Â c p tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ—

ikjj‰Â d-
Â c3 t m3

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q13D Sin@q13D Sin@q23D +

‰-
Â c3 t m1

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q12D Cos@q13D H-Cos@q23D Sin@q12D - ‰Â d Cos@q12D Sin@q13D Sin@q23DL +

‰-
Â c3 t m2

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q13D Sin@q12D HCos@q12D Cos@q23D - ‰Â d Sin@q12D Sin@q13D Sin@q23DLy{zz

Aemustar = % ê. 8t Ø -t, d Ø -d<
‰

Â c p tÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ—
ikjj‰-Â d+

Â c3 t m3
2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q13D Sin@q13D Sin@q23D +

‰
Â c3 t m1

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q12D Cos@q13D H-Cos@q23D Sin@q12D - ‰-Â d Cos@q12D Sin@q13D Sin@q23DL +

‰
Â c3 t m2

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p — Cos@q13D Sin@q12D HCos@q12D Cos@q23D - ‰-Â d Sin@q12D Sin@q13D Sin@q23DLy{zz

Pemu = ExpToTrig@Expand@Aemu AemustarDD
2 Cos@q12D2 Cos@q13D2 Cos@q23D2 Sin@q12D2 -

2 CosA c3 t m12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —
-
c3 t m22ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D2 Cos@q13D2 Cos@q23D2 Sin@q12D2 -

2 CosAd +
c3 t m12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

-
c3 t m32ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D Cos@q13D2 Cos@q23D Sin@q12D Sin@q13D Sin@q23D +

2 CosAd +
c3 t m22ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

-
c3 t m32ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D Cos@q13D2 Cos@q23D Sin@q12D Sin@q13D Sin@q23D +

2 Cos@dD Cos@q12D3 Cos@q13D2 Cos@q23D Sin@q12D Sin@q13D Sin@q23D -

2 CosAd -
c3 t m12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

+
c3 t m22ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D3 Cos@q13D2 Cos@q23D Sin@q12D Sin@q13D Sin@q23D -

2 Cos@dD Cos@q12D Cos@q13D2 Cos@q23D Sin@q12D3 Sin@q13D Sin@q23D +

2 CosAd +
c3 t m12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

-
c3 t m22ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D Cos@q13D2 Cos@q23D Sin@q12D3 Sin@q13D Sin@q23D +

Cos@q13D2 Sin@q13D2 Sin@q23D2 - 2 CosA c3 t m12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —
-
c3 t m32ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D2 Cos@q13D2 Sin@q13D2 Sin@q23D2 +

Cos@q12D4 Cos@q13D2 Sin@q13D2 Sin@q23D2 -

2 CosA c3 t m22ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —
-
c3 t m32ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q13D2 Sin@q12D2 Sin@q13D2 Sin@q23D2 +

2 CosA c3 t m12ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —
-
c3 t m22ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —

E Cos@q12D2 Cos@q13D2 Sin@q12D2 Sin@q13D2 Sin@q23D2 +

Cos@q13D2 Sin@q12D4 Sin@q13D2 Sin@q23D2
Simplify@Pmue - PemuD
4 Cos@q13D2 Sin@dD SinA c3 t Hm12 - m22LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p —

E
SinA c3 t Hm12 - m32LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p —

E SinA c3 t Hm22 - m32LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p —
E Sin@2 q12D Sin@q13D Sin@2 q23D

Indeed, when d  0, two probabilities are different.
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(d)

As we did in the class, the time-reserval invariance states that Xa » e-i H tê— » b\ = Xbè » e-i H tê— » aè\ , and hecePHa Ø bL = PHbè Ø aè L .
Here, aè  is the time-reversed state of a , and bè  is the time-reversed state of b .  In our case, the time-reversed state has the
opposite momentum.  (If you worry about the helicity, both the momentum and the spin flip, and remains the same, namely
left-handed.)  However, the Hamiltonian depends only on the magnitude of the momentum and hence the oscillation probabili-
ties also depend only on the magnitude of the momentum.  Therefore PHbè Ø aè L = PHb Ø aL .  Choosing ne and nm of the same
momenta to be the initial and final states, we find that the time reversal invariance would predict PHnm Ø ne L = PHne Ø nm L  .

The fact that the time-reversal violation requires d  0makes sense because the time-reversal opeator involves the complex
conjugation, and d is the only complex parameter in the Hamiltonian.
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