
HW #5

Harmonic Oscillator

(a)

We rewrite the Hamiltonian H = p2
ÅÅÅÅÅÅÅÅÅ2 m + 1ÅÅÅÅ2  m w2  x2 using a = "#########m wÅÅÅÅÅÅÅÅÅÅ2 —  Hx + i pÅÅÅÅÅÅÅÅÅÅm w L , a† = "#########m wÅÅÅÅÅÅÅÅÅÅ2 —  Hx- i pÅÅÅÅÅÅÅÅÅÅm w L .  We first calculate

a†  a = m wÅÅÅÅÅÅÅÅÅÅ2 —  Hx - i pÅÅÅÅÅÅÅÅÅÅm w L Hx+ i pÅÅÅÅÅÅÅÅÅÅm w L = m wÅÅÅÅÅÅÅÅÅÅ2 —  Ix2 - iÅÅÅÅÅÅÅÅÅÅm w @p, xD + p2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅm2  w2 M = m wÅÅÅÅÅÅÅÅÅÅ2 —  Ix2 - —ÅÅÅÅÅÅÅÅÅÅm w + p2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅm2  w2 M .  
Therefore, 

—w a†  a = 1ÅÅÅÅ2  m w2  x2 - 1ÅÅÅÅ2  — w + p2
ÅÅÅÅÅÅÅÅÅ2 m , 

and hence H = — wHa†  a + 1ÅÅÅÅ2 L . 
(b)

 The ground state condition a » 0\ = 0 can be written in the position representation asXx » a » 0\ = Yx … "#########m wÅÅÅÅÅÅÅÅÅÅ2 —  Hx+ i pÅÅÅÅÅÅÅÅÅÅm w L … 0] = "#########m wÅÅÅÅÅÅÅÅÅÅ2 —  Hx + i 1ÅÅÅÅÅÅÅÅÅÅm w  —ÅÅÅÅi  dÅÅÅÅÅÅÅÅd x L Xx » 0\ = 0,
and henceHx+ —ÅÅÅÅÅÅÅÅÅÅm w  dÅÅÅÅÅÅÅÅd x L y0 HxL = 0.
This equation can be solved easily and we find

y0 HxL = N e-m w x2 ê2 — .
To normalize the wave function, we computeŸ-¶

¶ He-m w x2 ê2 — L2  d x = "#########p —ÅÅÅÅÅÅÅÅÅÅm w .
Therefore, the correctly normalized ground state wave function is

y0 HxL = H m wÅÅÅÅÅÅÅÅÅÅp — L1ê4  e-m w x2 ê2 — .
The shape of the wave function is

y0@x_D := J m w
ÅÅÅÅÅÅÅÅ
p —

N1ê4  E-m w x2 ê2 —
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Plot@y0@xD ê. 8m Ø 1, w Ø 1, — Ø 1<, 8x, -3, 3<D
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(c)

The first excited state is given by » 1\ = a† » 0\ , and its position representation byXx » 1\ = Xx » a† » 0\ = "#########m wÅÅÅÅÅÅÅÅÅÅ2 —  Hx- i 1ÅÅÅÅÅÅÅÅÅÅm w  —ÅÅÅÅi  dÅÅÅÅÅÅÅÅd x L Xx » 0\
= "#########m wÅÅÅÅÅÅÅÅÅÅ2 —  Hx + xL H m wÅÅÅÅÅÅÅÅÅÅp — L1ê4  e-m w x2 êH2 —L = H m wÅÅÅÅÅÅÅÅÅÅp — L1ê4  "#########m wÅÅÅÅÅÅÅÅÅÅ2 —  2 x e-m w x2 êH2 —L

Its shape is

y1@x_D := J m w
ÅÅÅÅÅÅÅÅ
p —

N1ê4  $%%%%%%%%%%m w
ÅÅÅÅÅÅÅÅ
2 —

 2 x E-m w x2êH2 —L
Plot@y1@xD ê. 8m Ø 1, w Ø 1, — Ø 1<, 8x, -3, 3<D
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Check that it is properly normalized:

IntegrateAy1@xD2, 8x, -¶, ¶<, Assumptions -> ReA m w
ÅÅÅÅÅÅÅÅ
—

E > 0E
1
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 The second excited state is given by è!!!2 … 2] = a† » 1] , and its position representation byXx » 2\ = 1ÅÅÅÅÅÅÅÅÅÅè!!!!2  Xx » a† » 0\ = 1ÅÅÅÅÅÅÅÅÅÅè!!!!2  "#########m wÅÅÅÅÅÅÅÅÅÅ2 —  Hx- i 1ÅÅÅÅÅÅÅÅÅÅm w  —ÅÅÅÅi  dÅÅÅÅÅÅÅÅd x L Xx » 1\
Its shape is

SimplifyA 1
ÅÅÅÅÅÅÅÅÅÅè!!!!2  $%%%%%%%%%%m w

ÅÅÅÅÅÅÅÅ
2 —

 ikjjjx y1@xD -
—

ÅÅÅÅÅÅÅÅ
m w

 D@y1@xD, xDy{zzzE
‰- m x2 wÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 — H2 m x2 w - —L H m wÅÅÅÅÅÅ

—
L1ê4

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!2 p1ê4 —

y2@x_D :=
‰- m x2 wÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 — H2 m x2 w - —L H m wÅÅÅÅÅÅ

—
L1ê4

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!
2 p1ê4 —

Plot@y2@xD ê. 8m Ø 1, w Ø 1, — Ø 1<, 8x, -3, 3<D
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Check that it is properly normalized:

IntegrateAy2@xD2, 8x, -¶, ¶<, Assumptions -> ReA m w
ÅÅÅÅÅÅÅÅ
—

E > 0E
1

(d)

From the definitions of the annihilation and creation operators, we can solve for x ,
x = "###########—ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 m w  Ha + a† L.

Starting with the expectation values,Xx\ = Xn » x » n\ = "###########—ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 m w  Xn » a + a† » n\
= "###########—ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw  Yn … Iè!!!n … n - 1] +

è!!!!!!!!!!!n + 1 … n + 1]N = 0
because of the orthonormality of the Hamiltonian eigenstates Xn »m\ = dn,m .  

Moving on to the variance,
 Xx2 \ = —ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 m w  Yn … Ha + a† L2 … n] = —ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw  Xn » a†  a + a a† » n\,

= —ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 m w  Xn » 2 N + @a, a† D » n\ = —ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw  H2 n + 1L.
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(e)

From the definitions of the annihilation and creation operators, we can solve for p , 
p = -i "###########—m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  Ha - a† L.

Together with the expression for x  from the previous problem, you can easily verify @x, pD = i — .  Starting with the expecta-
tion values,Xp\ = Xn » p » n\ = -i "###########—m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  Xn » a - a† » n\ = 0.
 Moving on to the variance,
 Xp2\ = - —m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  Yn … Ha - a† L2 … n] = —m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  Xn » a†  a + a a† » n\,

= —m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  Xn » 2 N + @a, a† D » n\ = —m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  H2 n + 1L.
 Therefore,
 HD xL HD pL = —ÅÅÅÅ2  H2 n + 1L .
 The ground state n = 0 is a minimum uncertainty state, while the excited states have larger uncertainties.
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(f)

There are many ways to show this.  

First of all, using the relation a† » n\ =
è!!!!!!!!!!!n+ 1 … n + 1] , we can show that Ha† Ln » 0\ =

è!!!!!!n ! … n]  
by recursion.  It obviously holds for n = 1.  If it holds for n , the n + 1-th one isHa† Ln+1 … 0] = a† Ha† Ln » 0] = a†  

è!!!!!!n ! … n] =
è!!!!!!n!  

è!!!!!!!!!!!n + 1 … n+ 1] =
è!!!!!!!!!!!!!!!!Hn + 1L ! … n + 1] , and it holds again.  Therefore, it

holds for all n .  

Using the definition » f \ = ‚
n=0

¶ f nÅÅÅÅÅÅÅn!  Ha† Ln … 0] , we can write it as » f \ = ‚
n=0

¶ f nÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!n!
… n] .  Then

 a » f \ = a ‚
n=0

¶ f nÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!n!
… n] = ‚

n=1

¶ f nÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!n!
 
è!!!n … n- 1] , 

where the summation is now taken only from i = 1 because i = 0 term vanishes by a » 0\ = 0.  Continuing on, 
a » f \ = ‚

n=1

¶ f nÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!Hn-1L! … n - 1] = ‚
m=0

¶ f m+1
ÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!m!

…m] ,
where the dummy variable was chgned to m = n - 1.  Pulling one factor of f  ouf of the sum,

a » f \ = f  ‚
m=0

¶ f mÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!m!
…m] = f » f ] . 

Another way to show the same result is by first showing the relation@a, Ha† Ln D = nHa† Ln-1 .
It obviously holds for n = 1.  If it holds for n , the n + 1-th one isAa, Ha† Ln+1 E = @a, a† Ha† LnD = @a, a† D Ha† Ln + a†@a, Ha† Ln D

= Ha† Ln + a†  nHa† Ln = Hn + 1L Ha† Ln+1

and hence it holds as well.  Therefore, it holds for any n .

Starting with the definition » f \ = ‚
n=0

¶ f nÅÅÅÅÅÅÅn!  Ha† Ln … 0] , 
a » f \ = a ‚

n=0

¶ f nÅÅÅÅÅÅÅn!  Ha† Ln … 0] = ‚
n=0

¶ f nÅÅÅÅÅÅÅn! @a, Ha† Ln D … 0] , 
Here, we used the fact a » 0\ = 0.  Using the relation shown above,

a » f \ = ‚
n=1

¶ f nÅÅÅÅÅÅÅn!  n Ha† Ln-1 … 0] = ‚
n=1

¶ f nÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHn-1L! Ha† Ln-1 … 0] ,
where the summation is now taken only from i = 1 because i = 0  term vanishes by @a, 1D = 0.  Changing the dummy variable
to m = n - 1,  

a » f \ = ‚
m=0

¶ f m+1
ÅÅÅÅÅÅÅÅÅÅÅÅm!  Ha† Lm … 0] = f  ‚

m=0

¶ f mÅÅÅÅÅÅÅÅm! Ha† Lm … 0] = f » f ] ,
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(g) 

Using the result from (d), X f » x » f \ = Z f À "###########—ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw  Ha + a† L À f ^ = "###########—ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 m w  H f + f * L = "###########—ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw  2 ReH f L .  
Here, we used the fact X f » a† = X f » f * , obtained by taking the hermitian conjugate of a » f \ = f » f \ .  Similarly, using the
result from (e),X f » p » f \ = Z f À -i "###########—m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  Ha - a† L À f ^ = -i "###########—m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  H f - f * L = "###########—m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  2 ImH f L .
Now on the variance,X f » x2 » f \ = Y f … —ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw  Ha + a† L2 … f ] = —ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw  Y f … a2 + a a† + a†  a + Ha† L2 … f ]

= —ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 m w  Y f … a2 + @a, a†D + 2 a†  a + Ha† L2 … f ] = —ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw  H f 2 + 1 + 2 f *  f + H f * L2 L
= —ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 m w  HH f + f *L2 + 1L

and henceHD xL2 = —ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw .
Similarly,X f » p2 » f \ = Y f … - —m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  Ha - a† L2 … f ] = —m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  Y f … -a2 + a a† + a†  a - Ha† L2 … f ]

= —m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  Y f … -a2 + @a, a†D + 2 a†  a- Ha† L2 … f ] = —m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  H- f 2 + 1 + 2 f *  f - H f * L2 L
= —m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  H-H f - f *L2 + 1L

and henceHD pL2 = —m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2 .
Therefore,HD xL HD pL = —ÅÅÅÅ2
and hence the coherent state is a minimum uncertainty state for any f .

(h)

The Schrödinger  equation  gives  » n, t\ = e-i H tê— » n\ = e-i — wHn+1ê2L tê— » n\ = e-iwHn+1ê2L t » n\ .   Using  what  we showed above,» f \ = ‚
n=0

¶ f nÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!n!
… n] , its time evolution is» f , t\ = e-i H tê—  ‚

n=0

¶ f nÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!n!
… n] = ‚

n=0

¶ f nÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!n!
… n] e-iwHn+1ê2L t

= ‚
n=0

¶ H f e-i w t LnÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!n!
… n] e-iw tê2 = » f e-iw t ] e-i w tê2

where the coherent state in the last expression has the eigenvalue a » f e-iw t \ = f e-iw t » f e-iw t \ .  The exectation value of the
position operator isX f , t » x » f , t\ = ei w tê2  X f e-i w t » x » f e-iw t \ e-iw tê2 = Z f e-iw t À "###########—ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 m w  Ha + a† L À f e-i w t ^

= "###########—ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw  H f e-iw t + f *  ei w t L X f e-iw t » f e-iw t \ = "###########—ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw  2 HReH f L cos w t + ImH f L sin w tL X f , t » f , t\
Therefore, the expectation value isXx\ HtL = X f ,t»x» f ,t\ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅX f ,t» f ,t\ = "###########—ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw  2 HReH f L cos w t + ImH f L sin w tL ,
and shows the oscillatory behavior just like the classical solution.
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(i)

The Heisenberg equation of motion is
i — dÅÅÅÅÅÅÅd t  x = @x, HD = Ax, p2

ÅÅÅÅÅÅÅÅÅ2 m E = i — pÅÅÅÅÅm ,
i — dÅÅÅÅÅÅÅd t  p = @p, HD = @p, 1ÅÅÅÅ2  mw2 x2 D = -i —m w2 x.

There are many ways to solve these coupled equations.  One way is to use the exponential of a matrix as Daniel explained in
the section.  Write the equations in the matrix form,

dÅÅÅÅÅÅÅd t  J mw x
p N =

ikjjj w p
-m w2 x

y{zzz = wJ 0 1
-1 0 N J mw x

p N.
Therefore,J mw x

p N HtL = expJJ 0 -i
i 0 N iw tN J m w x

p N H0L = expHs2  iw tL J m w x
p N H0L.

Here, s2  is one of the Pauli matrices.  The exponential factor can be worked out using its Taylor expansion,
expHs2  iw tL = ⁄n=0

¶ 1ÅÅÅÅÅÅn!  s2
n Hiw tLn .

It is easy to check that s2
2 = 1, and hence s2

even = 1, s2
odd = s2 .  Therefore,

expHs2  iw tL = ⁄n=0, even
¶ 1ÅÅÅÅÅÅn!  1 Hi w tLn + ⁄n=0, odd

¶ 1ÅÅÅÅÅÅn!  s2 Hi w tLn
= 1 cos w t + is2  sin w t = J cos w t sin w t

-sin w t cos w t N.
We find the solutionJ mw x

p N HtL = J cos w t sin w t
-sin w t cos w t N J mw x

p N H0L
= J m w xH0L cos w t + pH0L sin w t

-mw xH0L sin w t + pH0L cos w t N.
Using this solution, we calculate the expectation value,Xx\ HtL = X f »xHtL» f \ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅX f » f \ = 1ÅÅÅÅÅÅÅÅÅÅÅÅX f » f \  X f » xH0L cos w t + pH0LÅÅÅÅÅÅÅÅÅÅm w  sin w t » f \

= "###########—ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw  2 ReH f L cos w t + 1ÅÅÅÅÅÅÅÅÅÅm w  "###########—m wÅÅÅÅÅÅÅÅÅÅÅÅÅ2  2 ImH f L sin w t

= "###########—ÅÅÅÅÅÅÅÅÅÅÅÅÅ2 mw  2 HReH f L cos w t + ImH f L sin w tL,
which agrees with the calculation in the Schrödinger picture.
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