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HW #9

1. Rectangular Double-Well Potential

Because the potential is infinite for | x| > a + b, the wave function should vanish at x = +(a +b). Fora<x<a+b and
—a—-b < x < —a, the potential vanishes and the wave function is given simply by a plane wave e*'** with energy
E=#k*/2m. For —a<x <a, the potential is large V;, and the wave function damps exponentially, e*** with

W k?> =2m(Vy — E) =2mV, — #? k. Because the potential is parity-invariant V(-x) = V(x), we expect the ground state to
be a symmetric (parity-even) function, with a close excited state with an anti-symmetric (parity-odd) wave function.

For the parity-even ground state, the wave function for —a < x < a must be Y/(x) = Acoshkx. Fora <|x| <a+ b, the wave
function must be ¥(x) = Bsink(x —a — b) to ensure the boundary condition at |x|=a+b. For —a-b<x< —a,

Y(x) =yY(—x) = —Bsink(x +a +Db). To match the Ilogarithmic derivative y'(a)/y¥(a), we
need% = ktanh k a = k cot k(—b). The conditions for x < 0 are precisely the same thanks to the parity.

For the parity-odd excited state, the wave function for —a < x < a must be ¥(x) = Asinhk x. For a < x <a+ b, the wave
function must be ¥(x) = Bsink(x —a — b) to ensure the boundary condition at |x|=a+b. For —a-b<x< —a,
Y(x) = —Y(—x)=Bsink(x+a+b). To match the logarithmic derivative ¥'(a)/¥(a), we need

‘g((a“)) = kcothka = kcotk(—b). The conditions at x = —a are precisely the same thanks to the parity.

First we take the limit of the inifinite potenital barrier V;; — oo, and hence k - co. Then cothka =tanhka =1, and the
condition is —kacotk b = ka - co. The only way to satisfy this equation is by taking kb = (2n+ 1) 7 so that cotkb - —co.
72 n?

The lowest energy is obtained by kb = 7. Namely, to the leading order in large Vo, k = 7 and E = 5= for both parity-
even and odd states. This makes sense because the wave function fits right in between two infinite potential barriers.

Now we make the potential barrier finite but large (ka > 1), and two states must split. To see the difference between two
energy levels, we note that the only difference is between tanh k@ and coth k a, and for a large ka > 1, the difference is
exponentially small, tanhka = 1 —2 e72¥ + O(e™**%), cothka = 1 +2 e72%% + O(e™**“). Therefore we would like to sovle

ka(1¥2e2%Y) = —kacotkb to find k= % for parities +1. We expand kb=m—¢€, and

—kacotkb = w = kT“ +0(e) = 7% + O(€"), and hence 7% =ka(l1 F2e?*), e= 2= (1+2e7>**). Therefore the

energy eigenvalue is E = % (1-2 # (1 £2¢72%%)) to the leading order. The difference in the energies between the two
”rl 8 _2ka

low-lying states is exponentially suppressed as expected, AE = 53— —-¢

To plot the wave functions, we choose a=b=1,m=1,% =1, and V; = 10. Much larger V,, makes it impossible to find the
difference between the two energy eigenvalues numerically. We can solve numerically for k,

xTanh[xa] == -k Cot[kb] /. {x -> V2mv, - k? }/7.{a»1,b>1,m>1, a>1} /. {Vo > 10}
/20 - k? Tanh[+/20 - k? | = -k Cot [k]

FindRoot [V/20 - k? Tanh[V20-k? | == -k Cot[k], {k, 3}]

{k—>2.53762}
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ksol=k /. %

2.53762

Plot[If[Abs[x] <1, Cosh[/20-ksol® x],
Cosh[+/ 20 - ksol? |

Sin[ksol (Abs[1] - 2)]
35

Sin[ksol (Abs[x] -2)1], {x, -2, 2}]
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- Graphics -

xCoth[xa] == -k Cot[kb] /. {x -> V2mv, - k? }/7.{a»1,b>1,m>1, a1} /. {Vo > 10}
/20 - k? Coth[+/20 - k? | = -k Cot [k]

FindRoot [V20 - k? Coth[V20-k? | == -k Cot[k], {k, 3}]

{k > 2.53855}

ksol=k /. %

2.53855
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Plot[If[Abs [x] <1, Sinh['\) 20 - ksol? x] ,
Sinh[4/ 20 - ksol? |

i in[ksol (Ab - , {x, -2,
Sign[x] Sin[hsol (AbE[1]=2)] Sin[ksol (Abs[x] -2)1], {x, -2, 2}]
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- Graphics -

2. Periodic delta-function Potential

(@)

Using the form of the wave function given in the problem,

Y(—e)=A+B

d’(+€) — eika(A e—ika + Beika)

Y'(—e)=ik(A+ B)

d’v (+€) - l'Keika(Ae—ika _Beika)

The wave function is continuous ¥(—€) = ¥(+¢€), but its derivative is discontinuous because of the delta-function potential,

Y(+€) — Y(—e) = 252 y(0).

If you want to solve for "k" by hand the most expedient method is to write
the two equations in the form of a matrix multiplying the column vector (A,
B):

eqnl = Collect[A+B-E'*® (AE*® + BE'*?), (A, B}]

2
eqn2 = Collect [IxE'*® (AE*® -BE'"%) -Ix (A-B) - (a+B), {a, B}]

ﬁZ
A (l_eiak—iax) +B (1_eiak+1‘1a}<)

iak—]iaKK_ 2m/1) +B (jK_]-l(eiak+ia}<K_ Z;A

Al-1K+1e 72
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myMatrix = {{Coefficient[eqnl, A], Coefficient[eqgnl, B]},
{Coefficient[eqn2, A], Coefficient[eqn2, B]}};
myMatrix // MatrixForm
1_eiak—ja}< 1_eiak+ja}<

_jK+jelak—1a}<K_ th?\ ]-lK_]-l(elak+1a}<K_ th)\

The equation we want to solve is thus:

myMatrix.{A, B} == {0, O}

{A (l_ejak—jax) +B (l_ejakﬂiax),

: : iak-iax 2mA iak+iax 2m A
A(—1K+11<e K= 72

)+B(J’1J<—J'1<e K—h—z)}:{o,O}

For there to be a nontrivial solution, the determinant of the coefficient matrix must be equal to zero. Mathematica is not
convenient for doing this manipulation, but it isn't hard to calculate the 2x2 determinant by hand and set it equal to zero. It
yields a quadratic equation for ¢/ which can be easily solved using the quadratic equation to give the required result.

If you want to use Mathematica to arrive at the solution, here is an example method:

Solve|
Ik I I Ik I I 2mA
{pA+B=E"™* (AET** +BE'*%), IKE'™™® (AE""®-BE'%) -Ix (A-B) = - (a+B)}, {B, k}]
A
Solve::ifun : Inverse functions are being used by Solve, so some
solutions may not be found; use Reduce for complete solution information. More..

{{Be L (—Am/l—Ace’zjaKm/l—jAKhz+J'1A<e’2j“}<hz—
2mA

- 2 j - Lo ; 2
ine?tax \/—4 e2iax x2pt + (ImA-1e?id*mA+xh?+e2iaxxh?) ),

1 . 1 -iax . . 2iax 2 2iax 2
kﬁ_g(nLog[_m(e (—1mk+1<e mX-xh®-e xh® +

Joderiankint . (imA-deriatmaskh? +eian xh2)? J)1) 1

{Be (—AmA—Aze’““m/\—jAKhz +i1Ae? 2 xn? +1Ae 2"

_1
2mA

. . L ; 2
\/—4 e?tax k2 pt + (IimA-1e?id*mA+xh?+e2iaxxh?) ),

1 . 1 -iax . . 2iax 2 2iax 2
kﬁ_g(nLog[_m(e (—1mk+1<e mX-xh®-e xh® -

J-derian 2t ¢ (imA-ietiormA+xh?+e2iax xh?)? ))})}}

T h e r e f 0 r e ,

eiku - _ 1 e—ika(_imk(l _ ezim) _hz K(l +ezika) + \/—4h4 K2 eZi/(a + (im?t(l _ezim) + A2 K(l +ezika))2)

=1 (—m}tsinka—hQKCOSKai\/—4h4 K2 +(2m7tsin/<a+2h2KCOSKa)2)

mA . . mA - 2
=coska+ grosinkazxi | 1-(coska+ 7 sinka) .
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As suggested in the problem, we define d = % , and the expression simplifies to

eiku

(b)

. . . 2
=coska+ ﬁ sinkaz+i,l1—(coska+ ﬁ sinka) .

In the limit d — oo, which is nothing but a free particle without a potential, we have ¢/*¢ = coska + iV 1-cos? ka

and hence x = =(k +

2nn
a

). Or equivalently, k is the momentum modulo

2n1n

continuously as a function of k. This can be seen with a large enough d numerically:

1
Plot[-I/a*Log[Cos[Ka] + oy Sin[x a] +I*\/1 - (Cos[xa] +
K

{a-»1,d-» 100} /. {k > 7wx}, {x,

1
Plot[-I/a*Log[Cos[Ka] + oy Sin[x a] —I*\/l - (Cos[xa] +
K

{a-»1,d-» 100} /. {k > 7wx}, {x,

i Log [Cos [x a] + Power [ <<2>> |

2

0, 6}, PlotRange » {-Pi, Pi}]

2

0, 6}, PlotRange » {-Pi, Pi}]

<<1l>> + 1 \/Plus [ <<2>>] }

Plot::pl :
o plnr 2

is not a machine-size real number at x

i Log [Cos [x a] + Power [ <<2>> |

/. {a—>1,d->100} /. {k > 1 x}

= 2.5°*"-7. More..

<<1l>> + 1 \/Plus [ <<2>>] }

Plot::pl :
o plnr 2

is not a machine-size real number at x

i Log [Cos [x a] + Power [ <<2>> ]

/. {a—>1,d->100} /. {k > 1 x}
= 0.029276095942973535" .

<<1l>> + 1 \/Plus [ <<2>>] }

More...

Plot::pl :
o plnr 2

is not a machine-size real number at x

General::stop : Further output of

Plot::plnr will be suppressed during this calculation.

/. {a—>1,d->100} /. {kKk > 1 x}

= 0.04245341352018174" . More..

\!

_3[
- Graphics -

Plot::plnr : - 1 Log [Cos [k a] + Power [ <<2>> ]

<<1l>> - 1 Power [<<2>>]]

a
is not a machine-size real number at x

1 Log [Cos [k a] + Power [ <<2>> ]
Plot::plnr : -

/. {a—>1,d->100} /. {kKk—> nx}

= 2.57%"-7. More..

<<1l>> - i Power [<<2>>]]

a
is not a machine-size real number at x

Plot::plnr : - 1 Log [Cos [k a] + Power [ <<2>> ]

/. {a—>1,d->100} /. {k—> nx}

= 0.029276095942973535~ . More..

<<1>> - 1 Power [<<2>>]]

a
is not a machine-size real number at x

/. {a—>1,d->100} /. {kKk—> nx}

= 0.04245341352018174" . More..

1 si
E 1n[xa]) ]/.

1 si
E 1n[xa]) ]/.

Therefore, « and hence the energy grows

\ (More...\)
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General ::stop : Further output of Plot::plnr will be suppressed during this calculation. \! \(More..\)

3 L

- Graphics -

Show[%, %%]

3}t

- Graphics -

()

Looking at the equation ¢'*“ = coska + ﬁ sinka +i \/ 1—-(coska+ ﬁ sinka) , if the argument of the square root is

negative, the L.h.s. becomes pure real and cannot satisfy the equation for a real k. Therefore there is no solution when
|coska+ ﬁ sinka| > 1. When d is finite but large, the combination exceeds unity for ka = nm + € (e > 0). This can be
seen by expanding it in terms of €, cos (nm+€) = (—1)" (1 - % + 0(64)), sin(nm +¢€) = (-1)" (e + O(€)), and hence
coska+ ﬁ sinka = (-1)" (1 + ﬁ €— % + 0(63)), and the magnitude exceeds unity for 0 < € < 2:1<_d ~ anﬂ The gap
must exist just above k = = for any n, while the gap becomes smaller for large 7.

(@)

First for a weak potential d = 3,
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1 1 2
Plot[-I/a*Log[Cos[Ka]+—Sin[;<a]+I* 1- |Cos[ka] + — Sin[x a] ]/.{a-»l,d->3}/.
xd xd

{x->nx}, {x, 0, 4}, PlotRange -» {-Pi, Pi}]

1 1 2
Plot[-I/a*Log[Cos[Ka]+—Sin[;<a]—I* 1- |Cos[ka] + — Sin[x a] ]/.{a-»l,d->3}/.
xd xd

{x->nx}, {x, 0, 4}, PlotRange -» {-Pi, Pi}]

i Log [Cos [x a] + Power [ <<2>> |

<<1l>> + 1 \/Plus [ <<2>>] }

Plot::plnr /. {a->1,d->3}/. {k->nx}

a
is not a machine-size real number at x =

1.6666666666666665  *"-7 . More..

i Log [Cos [x a] + Power [ <<2>> |

<<1l>> + 1 \/Plus [ <<2>>] }

Plot::plnr /. {a->1,d->3}/. {k->nx}

a

is not a machine-size real number at x = 0.16226796629166315 . More..

i Log [Cos [x a] + Power [ <<2>> ]

<<1l>> + 1 \/Plus [ <<2>>] }

Plot::plnr

2 /. {a>1,d->3} /. {k->nx}

is not a machine-size real number at x = 0.24672633017238965" . More..

General : :stop Further output of Plot::plnr will be suppressed during this calculation. \! \ (More..\)

-3

- Graphics -

1 Log [Cos [k a] + Power [ <<2>> ]

<<1l>> - 1 Power [<<2>>]]

Plot::pl
o plnr 2

is not a machine-size real number at x

1 Log [Cos [k a] + Power [ <<2>> ]

/. {a->1,d->3} /. {xk->nx}

= 1.6666666666666665 *"-7 . More..

<<1l>> - i Power [<<2>>]]

Plot::pl
o plnr 2

is not a machine-size real number at x

Plot::plnr B 1 Log [Cos [k a] + Power [ <<2>> ]

/. {a->1,d->3} /. {k->nx}

= 0.16226796629166315" . More..

<<1>> - 1 Power [<<2>>]]

a
is not a machine-size real number at x

General : :stop Further output of

/. {a->1,d->3} /. {k->nx}

= 0.24672633017238965~ . More..

Plot::plnr will be suppressed during this calculation.
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1 2 3 4
—1!
_21
-3

- Graphics -

Show[%, %%]
1 2 3 4

- Graphics -

[\S]

fay

nmn

There are gaps just above k = — , and the gaps become smaller for higher n as expected from the analytic considerations in
the part (c).

i =1
Now for a strong potential d = <,

1 1 2
Plot[-I/axLog[Cos[xa] + — Sin[xa] +Ix4[1- [Cos[xa] + — Sin[xal| | /.
xd xd

{a-»1,d->1/3}/. {k>»>nx}, {x, 0, 4}, PlotRange » {-Pi, Pi}]

1 1 2
Plot[-I/axLog[Cos[xa] + — Sin[xa] -Ix[1- [Cos[xa] + — Sin[xal| ] /.
xd xd

{a-»1,d->1/3}/. {k>»>nx}, {x, 0, 4}, PlotRange » {-Pi, Pi}]

iLOg[COS[K a] + Power [ <<2>>] <<1>> + 1 \/Plus [ <<2>>] } 1
Plot::plnr : - 2 /.{aal,da?}/.{xanx}
is not a machine-size real number at x = 1.6666666666666665 * -7 . More..
iLOg[COS[K a] + Power [ <<2>>] <<1>> + i \/Plus [ <<2>>] } 1
Plot::plnr : - 2 /.{aal,da?}/.{xanx}
is not a machine-size real number at x = 0.16226796629166315 . More..
iLOg[COS[K a] + Power [ <<2>>] <<1>> + 1 VPlus [ <<2>>] } 1
Plot::plnr : - 2 /.{aal,da?}/.{xanx}

is not a machine-size real number at x = 0.3392351994374947° . More..
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General ::stop : Further output of Plot::plnr will be suppressed during this

FAVAN

-3t

- Graphics -

1 Log[Cos [k a] + Power [ <<2>> ] <«<1>> - 1 Power [ <<2>>]]
Plot::plnr : - 3 /.{aal,da

is not a machine-size real number at x = 1.6666666666666665 *"-7 . More..

1 Log[Cos [k a] + Power [ <<2>>] <<1>> - 1 Power [ <<2>>]]

Plot::plnr /. {aal,da

a
is not a machine-size real number at x = 0.16226796629166315 . More..
1 Log[Cos [k a] + Power [ <<2>> ] <<1>> - 1 Power [ <<2>>]]
Plot::plnr : - 2 /.{aal,da
is not a machine-size real number at x = 0.3392351994374947° . More..

General ::stop : Further output of Plot::plnr will be suppressed during this

AVAVA

- Graphics -

calculation.

w| -

}/. {k - nx}

%} /e {k > nx}

w| =

}/. {k - nx}

calculation.

\!

\!

\ (More...\)

\ (More...\)
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10

Show[%, %%]

3

INEN
\/\

- Graphics -

The result is highly distorted from the free-particle case.
Nonetheless the band structure is clearly seen.

(e)

It is parity, that changes the overall sign of k. This can be seen from the explicit form of the wave func-
tion,

U(x) = Ae' ¥ + Be 5~ for (—a <x <0)

Y(x) = ek 9(A K39 4 B o7tk for0 < x<a.

The parity transforms it to

w(x) - eika(A eik(—x—a) +Be—ik(—x—a)) - Bei(k+/()a eiKJ( +Aei(k—/()a e—iKJ( - Aveikx +Bve—ikx for (—Cl <x< O)

w(x) - Beikx +Ae—ikx - e—ika(B ei(k+/()a eik(x—a) +Aei(k—/()a e—ik(x—a)) - e—ika(Aveik(x—a) +Bve—ik(x—a))

O<x<a.

The two wave functions are related by the change

Ao A'=Belka By ppik-0a gika _ pika



