221A Lecture Notes
Path Integral

1 Feynman’s Path Integral Formulation

Feynman’s formulation of quantum mechanics using the so-called path inte-
gral is arguably the most elegant. It can be stated in a single line:

(g tylaisti) = [ Dat)e = (1)

The meaning of this equation is the following. If you want to know the
quantum mechanical amplitude for a point particle at a position x; at time
t; to reach a position z; at time ¢y, you integrate over all possible paths
connecting the points with a weight factor given by the classical action for
each path. Hence the name path integral. This is it. Note that the position
kets form a complete set of basis, and knowing this amplitude for all x is
enough information to tell you everything about the system. The expression
is generalized for more dimensions and more particles in a straightforward
manner.

As we will see, this formulation is completely equivalent to the usual
formulation of quantum mechanics. On the other hand, there are many
reasons why this expression is just beautiful.

First, the classical equation of motion comes out in a very simple way.
If you take the limit 7 — 0, the weight factor e*/" oscillates very rapidly.
Therefore, we expect that the main contribution to the path integral comes
from paths that make the action stationary. This is nothing but the deriva-
tion of Euler-Lagrange equation from the classical action. Therefore, the
classical trajectory dominates the path integral in the small A limit.

Second, we don’t know what path the particle has chosen, even when we
know what the initial and final positions are. This is a natural generalization
of the two-slit experiment. Even if we know where the particle originates from
and where it hit on the screen, we don’t know which slit the particle came
through. The path integral is an infinite-slit experiment. Because you can’t
specificy where the particle goes through, you sum them up.

Third, we gain intuition on what quantum fluctuation does. Around the
classical trajectory, a quantum particle “explores” the vicinity. The trajec-
tory can deviate from the classical trajectory if the difference in the action is



roughly within A. When a classical particle is confined in a potential well, a
quantum particle can go on an excursion and see that there is a world outside
the potential barrier. Then it can decide to tunnel through. If a classical
particle is sitting at the top of a hill, it doesn’t fall; but a quantum particle
realizes that the potential energy can go down with a little excursion, and
decides to fall.

Fourth, whenever we have an integral expression for a quantity, it is often
easier to come up with an approximate method to work it out, compared
to staring at a differential equation. Good examples are the perturbative
expansion and the steepest descent method. Omne can also think of useful
change of variables to simplify the problem. In fact, some techniques in
quantum physics couldn’t be thought of without the intuition from the path
integral.

Fifth, the path integral can also be used to calculate partition functions
in statistical mechanics.

Sixth, the connection between the conservation laws and unitarity trans-
formations become much clearer with the path integral. We will talk about
it when we discuss symmetries.

There are many more but I stop here.

Unfortunately, there is also a downside with the path integral. The ac-
tual calculation of a path integral is somewhat technical and awkward. One
might even wonder if an “integral over paths” is mathematically well-defined.
Mathematicians figured that it can actually be, but nonetheless it makes some
people nervous. Reading off energy eigenvalues is also less transparent than
with the Schrodinger equation.

Below, we first derive the path integral from the conventional quantum
mechanics. Then we show that the path integral can derive the conventional
Schrodinger equation back. After that we look at some examples and actual
calculations.

By the way, the original paper by Feynman on the path integral in Rev.
Mod. Phys. is readable for you, and I recommend it. Another good read
is Feynman’s Nobel Lecture. You will see that Feynman invented the path
integral with the hope of replacing quantum field theory with particle quan-
tum mechanics; he failed. But the path integral survived and did mighty
good in the way he didn’t imagine.



2 Physical Intuition

Take the two-slit experiment. Each time an electron hits the screen, there is
no way to tell which slit the electron has gone through. After repeating the
same experiment many many times, a fringe pattern gradually appears on the
screen, proving that there is an interference between two waves, one from one
slit, the other from the other. We conclude that we need to sum amplitudes
of these two waves that correspond to different paths of the electron. Now
imagine that you make more slits. There are now more paths, each of which
contributing an amplitude. As you increase the number of slits, eventually
the entire obstruction disappears. Yet it is clear that there are many paths
that contribute to the final amplitude of the electron propagating to the
screen.

As we generalize this thought experiment further, we are led to conclude
that the amplitude of a particle moving from a point x; to another point
xy consists of many components each of which corresponds to a particular
path that connects these two points. One such path is a classical trajectory.
However, there are infinitely many other paths that are not possible classi-
cally, yet contribute to the quantum mechanical amplitude. This argument
leads to the notion of a path integral, where you sum over all possible paths
connecting the initial and final points to obtain the amplitude.

The question then is how you weight individual paths. One point is clear:
the weight factor must be chosen such that the classical path is singled out
in the limit # — 0. The correct choice turns out to be eSO/ where
Slz(t)] = fttif dtL(x(t),2(t)) is the classical action for the path x(t) that
satisfies the boundary condition z(t;) = z;, z(ty) = x¢. In the limit 7 — 0,
the phase factor oscillates so rapidly that nearly all the paths would cancel
each other out in the final amplitude. However, there is a path that makes the
action stationary, whose contribution is not canceled. This particular path
is nothing but the classical trajectory. This way, we see that the classical
trajectory dominates the path integral in the A — 0 limit.

As we increase h, the path becomes “fuzzy.” The classical trajectory
still dominates, but there are other paths close to it whose action is within
AS ~ h and contribute significantly to the amplitude. The particle does an
excursion around the classical trajectory.



3 Propagator

The quantity
K(xyp, tymi,t;) = (wp, tpla, t;) (2)

is called a propagator. It knows everything about how a wave function “prop-
agates” in time, because

Wapt) = {aptlo) = [{ap byl tda: (o L)
:/K(l‘f,tf;wi,ti)¢($i,ti)dﬁi. (3)

In other words, it is the Green’s function for the Schrodinger equation.
The propagator can also be written using energy eigenvalues and eigen-
states (if the Hamiltonian does not depend on time),

K(zptpat) = (agle” 000 a) =3 (apn)emE 0/ (n)a;)

= Y e BTy () (). (4)

In particular, Fourier analyzing the propagator tells you all energy eigenval-
ues, and each Fourier coefficients the wave functions.

The propagator is a nice package that contains all dynamical information
about a quantum system.

4 Derivation of the Path Integral

The basic point is that the propagator for a short interval is given by the
classical Lagrangian

(x1,t + At|zo, t) = Cei(L(t)AtJrO(At)Q)/h’ (5)

where ¢ is a normalization constant. This can be shown easily for a simple

Hamiltonian )

p
H=—+V(x). 6
L Vi) (6)
The quantity we want is

(1, + At|xg, t) = (w1]e HAP|z,) = /dp<$1\P><p!€7iHAt/h|x0>- (7)
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Because we are interested in the phase factor only at O(At), the last factor
can be estimated as

—iHAt/h‘x0>

= (p|1 —iHAt/h + (At)?|z0)

(ple
efipxo/h
h2m h V2mh
1 —1

2
_ P 2
Nor eXp — (pxo + QmAt + V(zog) At + O(At) ) : (8)

Then the p-integral is a Fresnel integral

= (1 - iﬁAt - i‘/(a?())At + O(At)2>

<£E1,t + At|.ﬁE0, t>

= / d7peipml/hefi(pw0+%At+V(:vo)At+O(At)2)/h
2mh

- ,/QW;;N eXp;L (”;W — V(20) At + O(At)2> . (9)

The quantity in the parentheses is nothing but the classical Lagrangian by
identifying @2 = (21 — x0)?/(At)?[]

Once Eq. is shown, we use many time slices to obtain the propagator
for a finite time interval. Using the completeness relation many many times,

(xp telai t;) = /(xfatf‘-’fN—latN—1>de—1<xN—latN—l’xN—2>tN—2>d$N—2
N 'd[L‘Q(IQ,t2|[E1,t1>dCC1<ZE1,tlll'i,ti>. (10)

The time interval for each factor is At = (t; —¢;)/N. By taking the limit
N — oo, At is small enough that we can use the formula Eq. , and we
find

N—-1 N N-—1
(xy tr|z,ti) :/ 11 da;e 2izo Lit)at/n (11)
=1

up to a normalization. (Here, ¢y = t;.) In the limit N — oo, the integral
over positions at each time slice can be said to be an integral over all possible
paths. The exponent becomes a time-integral of the Lagrangian, namely the
action for each path.

*The expression is asymmetrical between x1 and xg, but the difference between V (xg) At
and V (x1)At is approximately V'At(zg — x1) ~ V'i(At)? and hence of higher oder.



This completes the derivation of the path integral in quantum mechanics.
As clear from the derivation, the overall normalization of the path integral
is a tricky business.

A useful point to notice is that even matrix elements of operators can be
written in terms of path integrals. For example,

(xg,tylx(to)|zi, ti) = /d$(to)($f7tf|$(to)at0>$(to)<$(to),to|$i,ti>

= / dx(to) / Da(t)e O g (1) / Da(t)eiSleOV/h
ty>t>to

to>t>1;

_ / D (t)eSEOVhg (1), (12)
ty>t>t;

At the last step, we used the fact that an integral over all paths from z;
to x(ty), all paths from z(tg) to xy, further integrated over the intermediate
position x(to) is the same as the integral over all paths from x; to z;. The
last expression is literally an expectation value of the position in the form of
an integral. If we have multiple insertions, by following the same steps,

(xy,trla(te)z(ty)|x:, t;) :/ Da(t)e SO Py () (ty). (13)
tp>t>t;
Here we assumed that ¢35 > t; to be consistent with successive insertion of
positions in the correct order. Therefore, expectation values in the path
integral corresponds to matrix elements of operators with correct ordering
in time. Such a product of operators is called “timed-ordered” Tz (ts)z(t;)
defined by z(t3)x(t1) as long as ty > t1, while by z(t1)x(te) if 1 > ts.
Another useful point is that Euler-Lagrange equation is obtained by the
change of variable z(t) — x(t) 4+ dx(t) with x; = x(¢;) and zy = x(t;) held
fixed. A change of variable of course does not change the result of the integral,
and we find

/Dx(t)eis[w(t)-&-ém(t)]/h _ /Dx(t)eié‘[x(t)]/h’ (14)

and hence
Do () eiS et +oz()/h —/D PeiSle@l/h _ /D ¢ iS[r(t)]/hfgs =0. (15
| Datt)e 2(t)e O (15)

Recall (see Note on Classical Mechanics I)

58 = S[z(t) + 6(t)] — Sz (t)] = / <8L - da?) Se(t)ydt.  (16)



Therefore,

zS[xt)}/hz oL doL _
/Dx <8x =22 ) dxlydt = o. (17)

Because 0x(t) is an arbitrary change of variable, the expression must be zero
at all ¢ independently,

zS[x()}/hZ OL _doL) _
[ patpestonn (S - £5) o 1s)

Therefore, the Euler-Lagrange equation must hold as an expectation value,
nothing but the Ehrenfest’s theorem.

5 Schrodinger Equation from Path Integral

Here we would like to see that the path integral contains all information we
need. In particular, we rederive Schrodinger equation from the path integral.

Let us first see that the momentum is given by a derivative. Starting
from the path integral

(wp, tylisti) = [ Dat)e =, (19)
we shift the trajectory z(t) by a small amount x(t)+dx(t) with the boundary

condition that z; is held fixed (dz(¢;) = 0) while z; is varied (dz(t;) # 0).
Under this variation, the propagator changes by

0
(w4 0x(ty), trlwi ti) — (wy tyloi ti) = aixf@f:tf‘wiatiﬁx(tf)- (20)
On the other hand, the path integral changes by
0.5
/Dx )eiSle(t)+52() /Dx zS[:c(t 1/h _ /Dx )eiSla® ]/hlh . @)

Recall that the action changes by (see Note on Classical Mechanics II)
05 = Sl(t) + dx(t)] — Slz(?)]

OL . OL
= /t dt (axéx—i—améx>

oL | oL d oL

o0z
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The last terms vanishes because of the equation of motion (which holds as
an expectation value, as we saw in the previous section), and we are left with

oL
05 = 5-0u(ty) = p(ts)ow(ty). (23)
By putting them together, and dropping dz(ts), we find
oyl t) = [ DO i) (24)

This is precisely how the momentum operator is represented in the position
space.

Now the Schrodinger equation can be derived by taking a variation with
respect to ;. Again recall (see Note on Classical Mechanics II)

08
ot —H(ty) (25)
after using the equation of motion. Therefore,
0 iSla —i
i (orotsle ) = /Dx(t)e SEOUR L (1), (26)
If
P2
H=—+V(x), (27)

2m
the momentum can be rewritten using Eq. , and we recover the Schrodinger
equation,

L0 1 (h o)
Zha@f’tﬂ%ti) = ( (zé’w) +V(9Uf)) (wgp tplog,ty).  (28)

2m

In other words, the path integral contains the same information as the
conventional formulation of the quantum mechanics.

6 Examples

6.1 Free Particle and Normalization

Here we calculate the path integral for a free particle in one-dimension. We
need to calculate

(g, tyloets) = [ Da(iyet S 20, (29)
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over all paths with the boundary condition z(t;) = x;, x(tf) = xy. The
classical path is

Ty —
ty—1

2o(t) =z + LT — 1), (30)

We can write z(t) = x.(t) + dx(t), where the left-over piece (a.k.a. quantum
fluctuation) must vanish at the initial and the final time. Therefore, we can
expand 2'(t) in Fourier series

Zan smt (t —t:). (31)

f—t

The integral over all paths can then be viewed as integrals over all a,,,

/Dx(t) = c/nlo_:[l day,. (32)

The overall normalization factor ¢ that depends on m and t; —t; will be fixed
later. The action, on the other hand, can be calculated. The starting point
is

. . . Ty — X e nm
T=2=T.4+ 0T = + a,, COS t—t; 33
ty—t; nzltf t; tf—t( i) (33)
Because different modes are orthogonal upon t-integral, the action is
m(zy — x;)? L m > 1 (nm)? ,
S=——"—""4+—=> — . 34
2ty —t 2§2tf—t n (34)

The first term is nothing but the classical action. Then the path integral
reduces to an infinite collection of Fresnel integrals,

/Hda”eXp [h? <( tf—t iétf—; ")] (35)

We now obtain

<xf,tfyxi,zi>:cﬁ<—im1 (nw)i)lﬂex l;’;wl (36)

n=1

Therefore, the result is simply

(o trlont) = s = tyesp [ L0, 37)
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The normalization constant ¢ can depend only on the time interval t; —¢;,
and is determined by the requirement that

[ duestole, )@ tai, ) = Gy, tlas, ), (38)

And hencdT]

orifi(ty — t)(t — t;)

d(ty—t)d(t — tl)\l =d(ty —t;). (39)

m(ty —t;)

(t) = «/%, (40)

recovering Eq. (2.5.16) of Sakurai precisely.
In order to obtain this result directly from the path integral, we should
have chosen the normalization of the measure to be

Dalt) = \/2m’h(tf ) nl;[l \/Qm‘h(tf — ) o (41)

6.2 Harmonic Oscillator

We therefore find

Now that we have fixed the normalization of the path integral, we calculate
the path integral for a harmonic oscillator in one-dimension. We need to
calculate

(@ tylei,ti) = /Dx(t)eif(%iz_%WW%Q)dt/ﬁ’ (42)

over all paths with the boundary condition x(t;) = z;, z(t;) = xy. The
classical path is

sinw(ty —t) sinw(t — t;)

z.(t) = (43)

“sinw(ty —t;) Tsin w(ty —t;)

The action along the classical path is

t 1 1 2?2 + x2)cosw(ty —t;) — 2x;x
Sc:/f<mx'2—mw2x2)dt:mw( . f). (ty =t !
t \2 2 2 sinw(ty —t;)

(44)

TThis argument does not eliminate the possible factor e~ “#o(ts =)/ which would cor-
respond to a zero point in the energy. Mahiko Suzuki pointed out this problem to me. Here
we take the point of view that the normalization is fixed by comparison to the conventional
method.
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The quantum fluctuation around the classical path contributes as the
O(h) correction to the amplitude, relative to the leading piece e*</". We
expand the quantum fluctuation in Fourier series as in the case of free particle.
Noting that the action is stationary with respect to the variation of z(t)
around z.(t), there is no linear piece in a,. Because different modes are
orthogonal upon t-integral, the action is

S = S+Z < n)” wz(tf—ti)>;ai. (45)

n=1 f_t

Therefore the path integral is an infinite number of Fresnel integrals over a,,
using the measure in Eq.

iSe/h m
27Tih<tf — tz)

ﬁm\/_/danexp[ (t(fnf); —W2<tf—ti)> ;ai]

m o0 wity — ;)\ e
= " 2mih(ty — t;) nl;ll (1 B ( J;wr Z ) ) ‘ (46)

Now we resort to the following infinite product representation of the sine

function
ﬁ (1_x2>:sin7mc. (47)

2
fonter} n T

w(ty —t;)
trlwit)y = e/h -
(g, trlws, t) 2mih( tf —t;) \ sinw(t; —t)

ZSC/FL
2mih sin w(tf — 1)

(zg,tplwsti) = e

We find

(48)

This agrees with the result from the more conventional method as given in
Sakurai Eq. (2.5.18).
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7 Partition Function

The path integral is useful also in statistical mechanics to calculate partition
functions. Starting from a conventional definition of a partition function

Z=> el (49)

where § = 1/(kgT), we rewrite it in the following way using completeness
relations in both energy eigenstates and position eigenstates.

Z =Y (nle™n) = [ oY (nla) (ale™|n)
- /de@]e’ﬁH]nﬂn]x) = /dx(:l:\efﬁH\@- (50)

The operator e ?# is the same as e */" except the analytic continuation

t — —iT = —ih. Therefore, the partition function can be written as a path
integral for all closed paths, i.e., paths with the same beginning and end
points, over a “time” interval —ih3. For a single particle in the potential
V(z), it is then

7 = [ Da(r)exp {_hl f’:ﬁ ir (;” (gi)Q 4 V(:c))

The position satisfies the periodic boundary condition z(h3) = x(0).
For example, in the case of a harmonic oscillator, we can use the result
in the previous section

(51)

<mf7tf|xi7ti>
mw il (2 +a%) cosw(ty —t;) — 2xay
= — exp | - =mw _ ,
2mihsinw(ty —t;) h2 sinw(ty —t;)

(52)

and take ¢y = o, = x, ty —t; = —thf3
|y mw 11 52 cosh fhw — 2 53
(zle” ™) \ 2nfisinh Bhw ©F l RN g |0 %)
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Then integrate over =z,
Z = /dx<x|e_ﬁH|x>

mw 5 2 sinh Shw
2mh sinh Shw T e 2 cosh Bhw — 2

1
~ \ 4sinh? hw/2

1
2sinh fhw/2
e—ﬂhw/Q

1 — e Bhw

= Z e_ﬁ(n"_%)hw. (54)
n=0

Of course, we could have redone the path integral to obtain the same result.
The only difference is that the classical path you expand the action around
is now given by sinh rather than sin.

A Path Integrals in Phase Space

As we saw above, the normalization of the path integral is a somewhat tricky
issue. The source of the problem was when we did p integral in Eq. @D, that
produced a singular prefactor /m/2mihAt. On the other hand, if we do not
do the p integral, and stop at

<£L'1,t+ At|x0,t> _ 2dphez‘pzl/he—i(pa:o—‘r;iAt—&-V(mo)At—i-O(At)Q)/h
s
dp (o T1=To  p?
_ i(p=t5rt — 5 —Vi(zo)) At
= — e At 2m , (55)
2mh

we do not obtain any singular prefactor except 1/27h for every momentum
integral. The path integral can then be written as

(zg,ty|zi, ti) = /DI(t)'Dp(t)eiS[I(tLp(t)}/h7 (56)
where the action is given in the phase space

Sla(t). p(t)) = / (pi — H(x,p)) dt. (57)
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The expression (56)) is an integral over all paths in the phase space (z,p). It
is understood that there is one more p integral than the x integral (albeit
both infinite) because of the number of times the completeness relations are
inserted.

Using the path integral in the phase space, we can work out the precise
normalization of path integrals up to numerical constants that depend on ¢,
but not on m, or any other parameters in the Lagrangian. For instance, for
the harmonic oscillator, we expand

z(t) = x.(t)+ Z Ty sin ——(t — t;), (58)

f_tlnl f_t

I
) = polt . t—t). (59
p(t) = pe(t) + U tf—tmzlp costf_t( ). (59)

2 00 1 nw
g _pm 1 mo =t Pn
S - Sc m 2 Z(pnwrn) ( mr. mw2 ) ( T > ) (60)

where S, is the action for the classical solution Eq. . Using the integration
volume

dpo 71 dendpn
Da(t)Dp(t) = c(t; — t; 1
[ Da(yDp(t) = clty — t) o L5 (61)

we find the path integral to be

;i 1 (2rmh\"?
(wp, byl t) = e/ ety —ti)5 h( ' >

]

Ao (1) Cs—aay)

Up to an overall constant ¢(t; —t;) that depends only on t; —¢;, both m and
w dependences are obtained correctly.
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