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HW #10

1. Neutrino Oscillation

(a) Time evolution operator

SiHYA _ Ciyn* gk _ (=i )X K
eV =) CRp-Hk= ) S (UEUT)

whereE is thediagonalmatrix of Hamiltonianeigenvalueg&, givenin Eq.1. Expandingabit further,

gt = GV EYTY . (UEUT)-....(UEUT)-(UEU™), .
Kk K k

We seethatapartfrom theends,everyU™ hasaU to theright of it. A matrixis unitaryif Ut = ut and(UT)T =U, so

the expressiorsimplifiesto

—iHYL _ YD =n Y 1F 1) esiEYA T
eiHih —y(Y SRE-ENUT =UuelE Y

B o ... 0
HEYh
eyl O € O Jur
0 0 ... @liEth

by the propertiesof matrix multiplication.
(b) Two-state transition probabilities
The probabilitiesare
Pl-2)=[@leM" )PP = |@2|Ue'E"UT 1) ]2

P2-1)= |(1|Ue EVAUT |2) 2.

We will demonstratéhatthereis no T—-violation by showingP(1 - 2) - P(2 - 1) = 0.

work:

Let us haveMathematica do the
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1 ¢ _gj I
U2m=E'9(C,OS[e]E S'n[e]En);
Sin[e] E'" Cos[e] E'?
El O\
E2m= (T g );
anp212 = (0 1).U2m MatrixExp[-l E2mt /h]. Transpose [Conj ugat e [U2m]]. (é)?

p212 = Conpl exExpand [Conj ugat e[anp212] » anp212];

anp221 = (1 0).W2m Matri xExp[-1 E2mt /&]. Transpose [Conj ugat e [U2m] ]. (2 );
p221 = Conpl exExpand[Conj ugat e [anp221] * anp221];

Tri gExpand[p212 - p221]1[[1, 111

0

(c) Three-state problem

Let usproceedn similarfashionasin thetwo-stateproblemabove:

1 0 0
U3m-= [o Cos[623] Sin[e23]
0 -Sin[e23] Cos[623]

0 1 0
-Sin[e13]1E'¢ 0 Cos [613]

-Sin[el2] Cos[el2] O

Cos[e12] Sin[el2] o]
0 0 1

[ Cos [613] 0 Sin[el3]E'?¢ ]

ElL 0 O
E3m= [ 0 E2 O
0 0 E3

1
anp312= (0 1 0).U3m MatrixExp[-I EBmt /&]. Transpose[Conj ugat e [U3m] ]. [0];
0

p312 = Conpl exExpand [Conj ugat e[anp312] » anp312];

0
anp321=(1 0 0).U3m MatrixExp[-I EBmt /&]. Transpose[Conj ugat e[U3m] ]. [1];
0

p321 = Conpl exExpand [Conj ugat e[anp321] » anp321];
Sinplify[Tri gExpand[p312 - p321]1]1[[1, 111

(E1 - E2) t (E1 - E3) t
—5 | Sin[——%5—]

| Sin[s1Sin[2e12] Sin[e13] Sin[2623]

-4 Cos [613]% Sin|

(E2 - E3) t
2h

| sin

Sin|

Indeed whend # 0, thetwo probabilitiesaredifferent.

(d) [optional] CPT conservation

Again asabove substitutingd - U*:
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1
anp3cl2=(0 1 0).Conjugate[U3m]. Matri xExp[-l E3mt /&]. Transpose [U3m]. [0 J;

0
p3cl2 = Conpl exExpand[Conj ugat e [anp3c12] »anp3cl2];

0
amp3c21=(1 0 0).Conjugate[U3m]. Matri xExp[-] E3mt /&a]. Transpose [U3m]. [1];

0
p3c21 = Conpl exExpand[Conj ugat e [anp3c21] xanp3c21];

P(1—>2)—P(1—>§):
Sinplify[Tri gExpand[p312 - p3c12]]1[[1, 1]1]
(E1 -E2) t [(EleS)t }

2h 2h
| Sin[s]1Sin[2612] Sin[e13] Sin[2623]

-4 Cos [613]% Sin|

(E2 -E3) t
2h

| Sin

Sin|

P(1—>2)—P(§—> 1):

Tri gExpand[p312 - p3c21][[1, 1711

2. Periodic delta—function Potential

(a) Matching conditions

Usingtheform of thewavefunctiongivenin the problem,

Y(—€)= A+ B
Y(+€) = dka(Aeiva L Bgr?)

V' (—e)=ik(A+B)

Y’ (+e) =ikeka(Aeixa _Bdra)

The wavefunctionis continuous)(—e) = y¥(+e€), butits derivativeis discontinuoudecausef the delta—functionpotential,

¥ (+€) - ¢’ (-€) = 234 y(0). Thesegivetheconditions

A+B=€kKa(Ae'*2 1 Be*?)
ikdka(Aeixa —Bdka) —jA-B)= 23 (A+B)

which we now solve:
nmsol = Sol ve[{

2 ma
A+B=FE ka2 (AE'*2 4 BE' *2), | xE' X2 (AE'*2 -BE' *?) -| x (A-B) == —— (A+B)
h2

{B, k}

I;
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Insertingthe solutionfor k into the phased k2 :

fool:FuIISirrpIify[E'ka /. msol, Assunptions- {a>0, m>0, A>0, x>0, a>0}]

1
{th K
(7’12 (1+e2iary -1 (-1+e2lax) m)\—Z\/QZﬁaK (—7’14 k2 + (h2 xCos[ak] + mASi n[aK])Z) )),

(@71 ax

1
2h2 x

2\/e2ﬂak (-h* x2 + (n2 x Cos[ax] +mASin[ax])?) ))}

(2% (n? (1+e?i®¢) x-i (-1+e?i2)mas

Making the suggestedubstitutiord = #2 /mA:

phase = Expand [Si npl i fy[fool /. A > &% / (mxd), Assunptions > {a>0, d>0, x>0, a>0}]]

1 -iax 1 iax jle?jaK jejla}(
{-2—<e T € T T2dx  2d«x
etax \/(EZfLaK <d2 K2 OOS[aK]Z+Sin[a}<}2+dK(—dK+Sin[2aK})> 1 . 1 .
-1ax 1ax
T i e +
i e-tax i elax e tax \/ezjak (dz K2 COS[aK}2+Sin[aK]2+dK(—dK+Sin[2aK]))

+

2dx  2dx dx }

We canreadoff theexpression$or thetwo roots:

1
(kd)?

éka = coska+ K-ld—sinkai\/c032/<a+ si ka—1+ %sinZKa.

Recognizinghatsin2xa = 2sink a - cosk a, we mayfactortheradicandandpull outa+/ -1 to give

jka 1 ; 1 ginea)l
€ka = coska+ — sinka+i,| 1-(coska+ — sinka)
K K

asdesired.

(b) Zero potential limit

In thelimit d - oo, whichis nothingbut a free particlewithout a potential,we have

éka = coska+iVvl-co2 ka =etixa,

andsox = i(k+ 2’;" ); equivalentlyk is the momentunmodulo 2;”' . Therefore x andhencethe energygrow continu

ouslyasafunctionof k. Thiscanbeseemumericallywith ad thatis largeenough:
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kplot1l="Plot [-]1 /axLog[phase[[1]]1] /. {a»1, d-»100} /. x> 7*X,
a
{x, 0, 4}, PlotRange » {-Pi, Pi }, AxesLabel ->{" K— "ka"}];
T

ka
3

2

1
Ka

-1
-2
-3

kplot2 =Plot [-]1 /axLog[phase[[2]]] /. {a»1, d»100} /. x> 7*X,
a
{x, 0, 4}, PlotRange » {-Pi, Pi }, AxesLabel - {" K— "ka" }];
T

ka
3

2

1
xa

N
|

-1
-2

-3
Show[kpl ot 1, kpl ot 27;
ka
3
2

1
xa

N
|

-1
-2
-3

As we cansee no bandgaps—— everyx hasarealk.
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(c) Weak potential

Looking attheequation

€kd = coska+ —5 sinka+i,| 1-(coska+ — sinka) ,

if the argumenwf the squareroot is negative the l.h.s. becomegurereal and cannotsatisfy the equationfor a realk.
Thereforethereis no solutionwhen | coska+ % sink a| > 1. Whend is finite butlarge,the combinationexceedsnity
forka=nn+¢€ (e > 0). Thiscanbeseerby expandingt in termsof e,

cosinz+e) =(-1)" (1- % +0O(e")), sinnz + ) = (1" (e + O®)),
= coska+ %sinxa: D" (1+ %e— % +0(e%)).

The magnitudeexceedsinity forO<e < 2/kd~2a/nxrd. Thegapmustexistjustabovex = nz/a for anyn, while the
gapbecomesmallerfor largen. Sothereexistsabandgapatk = +7/a.

(d) Plots for weak and strong potentials

Let usplot for thegivencasesaswe did in (b), first theweakd = 3a:

kplotcwl = Pl ot [-I /axLog[phase[[1]1]] /. {a»1, d>3} /. x> 7nxX,
a
{x, 0, 4}, PlotRange » {-Pi, Pi }, AxesLabel - {" f——— "ka" }];
T
ka
3
2

1
Ka

-1
-2
-3
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kplotcw2 = Pl ot [-1 /axLog[phase[[2]]] /. {a~»1, d>3} /. x-7mxX,
a
{x, 0, 4}, PlotRange » {-Pi, Pi }, AxesLabel ->{" K— "ka"}];
T

ka
3

2

1
Ka

[N
N
w
A
|

-1
-2
-3

Show[kpl ot cwl, kpl ot cw2];

Ka

-3

We seea big gapatk = 0, asmalleroneatk = n/a, ayet smalleroneat«x = 2x/a, anda gapyou canbarely seeat
k = 3x/a. Thisis exactlywhatwe predictedn part(c).

Now let's dothestrongcased = a/ 3:

kpl ot csl = Pl ot [—I /axLog[phase[[1]]]1/. {a=»1, d>1/3} /. x> 7mxX,
a
{x, 0, 4}, PlotRange » {-Pi, Pi }, AxesLabel - {" _;_<__ "ka" }];
T

ka
3

2

1
Ka

-1
-2
-3
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kplotcs2 =Plot [-1 /axLog[phase[[2]]] /. {a~»1, d>1/3} /. x-r*X,
a
{x, 0, 4}, PlotRange » {-Pi, Pi }, AxesLabel ->{" K— "ka"}];
T
ka
3
2

1
Ka

1 2 3 4
-1
-2
-3

Show[kpl ot cs1, kpl otcs2];

k
3

2

1
Ka

FJAVAN
VA

-1
-2
-3

Obviously,thereis significantdistortionfrom the free casein part(b), with gapsatk = n/a muchbiggerthanin theweak
caseabove.
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(e) Z, symmetry in k

It is parity thatchangesheoverallsignof k. This canbe seenfrom the explicit form of thewavefunction,
Y(X) = AKX + Be kX for—-a<x<0
Y(X) = €A L Be'*3)  for0<x<a.
The parity transformatiorgives
l,[/(X) =g ka(Aei K(—X—a) +B e—i K(—x—a))
— Bé(kﬂ()a eiKX + Aei(kfk)a efiKX
=A KX 4B g ifX
and
Y(X) = Be* X + Ae' <X
— e—i ka(Bei (k+x)a eiK(x—a) + Ae‘ (k-x)a e—iK(x—a))
— e—i ka(A1 eiK(x—a) +B’ e—i K(x—a))
respectively. Thetwo wavefunctionsarerelatedby the changes
A- A =Bégkmwa,

B- B =Adkwa,

gka _, grika



