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HW #11

1. Variational Method

Plot of the potential

The potentialin the problemisV = 50(e™* - 1)2 .

V=50 (EX -1)?;
Pl ot [V, {x, -1, 1}71;

40/
30/
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10}
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It is basicallyquadraticaroundzeroandis very steep. One may guessthat the harmonicoscillatoris a pretty good
approximation.

Initial guess

Series[V, {x, 0, 3}]
50x2 -50x3 +O[x]*

If wetry to identify thefirst termwith the harmonioosciIlatorpotentialé mw X%, we find w = 10 becausen = 1. Thenone
may hopethatit would give the ground—statcenergy% 7w =5. However,this hopeis not quite fulfilled. Usingthe
groundstatevavefunctionof the harmonicoscillator,

1/4

¥lraw = (ﬂ) E-mex?/(28)
mh
Yyl =ylraw/. {m-1, w-10, A->1}

e,5x2 (E 1/4
U

we computethetotal energyusingthe Hamiltonianin the positionspace:
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-B2
Kl = Integrate[yl D[yl, {x, 2}], {X, -, ©}] /. {A>1, m->1}
m
5
2
Pl=Integrate[y1?V, {X, -o, o}]

50 (1 -2 el/40 | gl/10)

Ebarl =K1 + P1

%+50 (1 -2 el/40 , g1/10)

N[Ebar 1]

5.22703

Theerroris

N[Ebar1] -39/8
39/8
0. 0722121

andis biggerthan5%, butis prettygood,accuratevithin 7.22%.

Therefore we aremotivatedto try anon—-SHOGaussiarasa trial function.
Gaussian trial function

1

_ -x2 /(2a%) .
ye = stl/4 Al/2 E '
-A2
K2 = Integrate[y2 D[y2, {X, 2}], {X, -, »}, Assunptions »>A>0] /. {h>1, m-1}
m
1
4 n?

P2 = Integrate[¢2® V, {X, -, o}, Assunptions - A > 0]
2
50 (l—ZLeT +eA2)

Ebar 2 = K2 + P2

1
4 n2

50 (1—2@%Zr +eA2)+

Ebar 2ni n = Fi ndM ni num[Ebar 2, {a, 107*/?}]
{5.20891, {A-0.304036}}
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Ebar2m n[[1]] -39/8
39/8

0. 0684949

It hasimproved,but notyetwithin 5%.
Linear times Gaussian

Oneway to improveit furtheris thefollowing. Notethatthe potentialis not parity symmetric,andhencethe groundstate
wavefunctionis not expectedo be an evenfunction. Becausehe potentialis lower on the right, we expectthe wave
functionis skewedtowardstheright. Thereforewe cantry

¥3 = (1+kx) EX?/@e).
It is notnormalizedat this point, andwe calculatets norm
norn2 = I ntegrate[¥3%, {X, -®, o}, Assunptions - A > 0]

%\/?A(2+k2A2)

-n?
K3 = > Integrate[y3 D[¥3, {X, 2}], {X, -, ®}, Assunptions »>A>0] /. {m->1, A-1}
m
(2 +3Kk2 a2)
8/

P3=Integrate[¢1/32 V, {X, -o, o}, Assunptions -» A > 0]
22
25\/;A<2+k2 A2 v e (2+Kn2 (4+k+2Kkn2)) —e T (A+knZ (~4+k (2+42)))

K3 + P3
orn

Ebar 3 =

(2 +3k2 a2)
84

+

1
a2 +k2 A2) [

25%&(242 A2 e (24KnZ (“Aski2KnZ)) e (Aika? (-4+K (2+A2)>))J]

Ebar 3ni n = Fi ndM ni num[Ebar 3, {a, 10723}, (k, 0}]
(4.92615, {A-0.331205, k 0. 7642971}

Ebar3mn[[1]] -39/8
39/8
0. 0104928

Thisis correctatthe 1% level! Thewavefunctionis therefore
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¥3 .
yf = ———— /. Ebar3min[[2]]

4/ nor n2

1. 28474 ¢4 55801x* (1 . 0. 764297 X)

Pl ot [¢f, {x, -1, 1}1;

-1 0.5 0.5 1
As expectedit is moreor lessa Gaussianbut skewedo theright.

Obviously,therearemanywaysto improveGaussian.l hopeyou foundonesuccessfully.

The analytic solution

This problemis actuallya specialcaseof the Morsepotential
Vm= D (E3Y - 1)2;

This potentialis a form of the inter—atomicpotentialin diatomicmoleculesproposecby P.M. Morse,Phys. Rev. 34, 57
(1929). Thevariableu is the distancebetweentwo atomsminusits equilibriumdistanceu =r —rg. The Schrdalinger
equationcanbe solvedanalytically. Expandingt aroundthe minimum,

Series[Vm {u, 0, 4}]

a2 Du? —~a® Dud + 17—2 a* bu* +o[u1®

2a2 D
m

Harmonic oscillator approximationgives w = The correct energy eigenvaluesare known to be

2
En =how(n+ %) - h;f (n+ %) , wherethe secondermis calledthe anharmonicanharmon@mrrection. For largen, the
secondtermwill dominateandthe energyappeardo becomenegative. Clearly, the boundstatespectrumdoesnot go
forever,and endsat a certainvalue of n, quite differentfrom the harmonicoscillator. But this is expctedbecausehe

potentialenergyasymptoteso D for u -» +co andhencestatesor E > D mustbeunboundandhavea continuousspectrum.
The ground-statevavefunctionis knownto havethe form
ym= E9E?Y pbaus2.

whereb=2d-1,d= ‘Zaim . Letusseethatit satisfiesghe Schrdingerequation.
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(-2 Dpym {u, 2}]+D(E=Y -1)2 ym) \Z2Dm

Sinmplify][ o /. {b>2d-1} /. {d—>T}]

an (-4+/2 +/Dm+an)

8m

Thefirst termis % hw=ha % andthe zero—pointenergywith the harmonicoscillatorapproximation. The second
term— % is theanharmonic correction.

Thenormalizations

norerm:Integrate[z/m?, {U, -o, ®}, Assunptions-»a>0&&d > 0]

20 d-® Gamma[b]
a

Actually, this wave function could havebeenguessedf onepaysa carefulattentionto the asymptoticbehaviors. For

u - oo, the potentialasymptotego a constantD, and hencethe wave function mustdampexponentiallye™" with
k=vV2m|E]| /h Foru - —oo, the potentialrisesextremelysteeplyasD e 22Y . It suggestshatthe energyeigenvalue
becomegyuickly irrelevant,andthe behaviorof the wave function mustbe given purely by the rising behaviorof the
potential. By droppingthe energyeigenvalueandlooking atthe Schrdlingerequation,

noody —2au ,/, _
T T +De ¢/—0,

andchangehevariabletoy = e@" | wefind

o d?y 1 dy _
_W(dyz + 5 d—y)+ng_0.
The secondermin the parentheseis negliblefor y - «. Thereforethe wavefunction hasthe behaviony o e V2mP y/ia
Combiningthe behavioron bothends the wavefunctionhaspreciselythe exactform givenabove.

This is thelessonthe one—dimensiongbotentialproblemis so simplethattherearemanywaysto studythe behaviorof the
wave function. On the otherhand,the real-worldprobleminvolvesmanymore degreeof freedom. In manycasesthe
Hamiltonianitself mustbe guessed.

Back to the Morsepotential. The caseof the homeworkproblemcorrespondso D =50, a=1, m=1, #=1. Therefore

the groundstatenergyis Eg = %ha % - h;—;z =5- % = %.

v2D

i . 1 m
ynf =Sinmplify[ ————ym/. {(b>2d-1}/. {d> } 7. {D->50, a1, m>1, A>1}]

nor n2m h

u_ 19u

800000000 e 10" -~

567 /2431
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Pl ot [ynf, {u, -1, 1}, PlotPoints -»507];

1 -0.5 0.5 1
ThevariationallineartimesGaussianwavefunctionwas

Pl ot [yf, {x, -1, 1}, PlotPoints -»50];

=t

0.5
Show[% %4 ;

=t

0.5

Quiteclose.
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2. Fine—structure of the hydrogen atom

Preliminaries
We usethe2 s wavefunction
Rs = (2 a)—3/2 (2 a _':_) E—r/(2a);
a

Thefull wavefunctions

1
Yos = RZS;
4 7

Here,a=ay/Z =% /(Z€* m). Similarly,

Rop = (22) 32 r ET/Qa) .
V3 a

As apreparatiorfor calculatingthe spin—orbitinteraction,

- - ~>2 4>2 —>2 2
L~S:%[J -L —S]:%(j(j+1)—|(|+1)—s(s+1)).

whilefor j =1 - 2

LS=2(1-3)0+3)-10+n-2)=-La+1).

For the calculationof therelativisticcorrectionswe usethefactthat

2 2 2
—ﬁ«p ) >=—ﬁ<(—h2 8)7)
= WCZ [d® Xy AAY = — 5 [d® X(AY)" (Ay)
= smz JE X+ 2 - - ) RY™Y (40 + 2 - WD) RY™)

2
tr
_ 2 d? 2 d |(|+1) 2 d |(|+1)
= g [P A (g + 2 o - SRR (e + 2 & - )R,

The Darwintermfor the Coulombpotentialis proportionalto
AVe=A 2L — 477 6(X) = 4r 1 5(X).
2s

First, thereleativisticcorrection:
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4 2

h 2
Integrate[- ——— [D[RZS, {r, 231+ — D[R, r]) r2, {r, 0, o}, Assunptions »a > 0]
8 n? c2 r
13 a*
- 128a% c2 nd

Secondthespin—orbitinteraction. Becauseé. = 0, it identicallyvanishes.
Third, the Darwinterm.

B2 h? )
— 4y — /. {r >0
87 o2 7 a Y25 {r -0}

h4
16 a4 c2 nd

%+ %80

5 a4
~128a%* cZ n?

2P12

First, therelativisticcorrection,

h 2 2 5
Ryl (D[Rva {r, 2}]+r—D[R2p‘ r]_r_zRZp) re,

{r, 0, =}, Assun’ptions-»a>0]

4 2
Integrate[—8

7 n*
" 384 a%c?

Secondthe spin—orbitinteraction.

Integrate[-————q————-—l——f—z—-(—hz)R 2r2, {r, 0, »}, Assunptions »a>0]
4ntc2 r3 ma 2P R

g nt
" 9%6atc?n?

Third, the Darwinterm. Becausahewavefunctiorvanishesattheorigin, it is identically zero.

%+ %0/. {g-> 2}

5 nt
" 128a% c? n?

2 P32

2
First, therelativisticcorrection. We usethefactthatp y = —#? Ylm(dirzz— + %
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4 2 2
Ryl [D[RZpy {r, 2}]"'I_—D[Rzp, r]-r—ZRZp re,

{r, 0, o}, Assunptions -»a>0]

h
Integrate[—8

7 n*
" 384atc?nd

Secondthe spin—orbitinteraction.

1 n? #n?

g 2 9 .
Integrate| —— — — — R r<, {r, O, , Assunptions-»a>0
g [4rr?c2 2 ma 2 °F t } P ° ]
gt
192 a4 c2 nd

Third, the Darwinterm. Becauseahewavefunctionvanishesattheorigin, it is identically zero.

%+ 986/. {g - 2)

h4
“128a%* c?2 nd

Summary

Thereforethe2s and2 p,, statesarestill degenerategndhavetheenergy

& 56 & (1., 5 o
55 - T e = w5t )

while the2 ps/, stateshavetheenergy

~F(F+rm ).

wherea = %. Numerically(we tookg = 2 abovefor comparisorbetweer? s and2 p), theenergyshiftsin eV are
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constants =
{e~»1.60217653%107%° +2.997925%10%, a ->5.291772108%10°, a -> 1 /137. 03599911};
ergtoev = 6. 241506  10**;

-e? 5
(—a ) /. constants| xergtoev
a 128

-e2 1,
(-——-—a ) /. constants| «ergtoev
a 128

%- %%

-0. 0000566032

-0. 0000113206

0. 0000452826

The fine structureis only 4.5x 107° eV in size! Equivalently,2s;, — 2 p3jz is a microwavetransitionof 2.76cm. Thisis
why the physicalconstantandunit conversionsisedabovearewritten to suchhigh precision. The valuesaretakenfrom
TheNIST Referenceon ConstantsUnits andUncertainty(http://physics.nist.gov/cuu/index.html).

You shouldalsolook at thelecturenotefor the calculationof energyshiftsfor arbitraryn, I, j. The stateswith the samej
for agivenn remaindegenerateThis degeneracis lifted oncethe"Lamb shifts" areconsidered.

3. [optional] Harmonic oscillator

Exact result

The ground-statevavefunctiorfor the unperturbedHamiltonianis
1/4
Yo = (_r_nf’_) E-mux?/(28) .
wh

The exactresultfor the perturbedHamiltonianis just

Ve =¥ /. wowV1l+e

mx2 \/,1;&_ L) my/1l+e w )1/4

h

e zr |
/A

Simplify[Series[¢., {€, 0, 2}1]

mx2 o 1/4 mx2 1/4
e Tzm () ) (-2mx2 w+h) e
T1/4 * 8 71/% n *
m2o oy 174 4 2 2 2y 22
e zm (52 (Anf x* w2 +4mx2 wh-T7h%) €

+0re)’®

128 51/4 n2
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Perturbative result

We needto know the matrix elementsUsing
V= —emw X2 =ele (a+a)

Voo = € 22 (0] (a+af) | 0) = e 22,
Voo =€ 22 (0| (a+af)” |2
(

)
L2

e (2](@a+al) |2>—€—(3+2),
)

_e—

Voo =€ 4
Vio =€ 22 (2| (a+at)’ |4) = e 22

We useEg. (5.1.44)in Sakurai:

— 0 0 V. 0 Vap V.

|0> = |0( )> + | 2 )> _Eo(o')i‘:gz(or + | 4 )> A _EZ((;Z)(S:(O) _E,0)
(0) V22 V2o _ |20 Voo V2o
+ | 2 > (BO-EO)(EO-EO) | > E9-E0),

— (0) (0) ©0) (0) (0)
=10%)-12 s +|4 > |2 >322 |2 >32W
— (0) (0) 0 (0)
= 100) - 20) < +|4> |2>ﬁ.

This stateis not normalizedandit needgo berenormalizedy

(0|0>_1+ +O(e ) .

Ontheotherhand,using(A.4.3) and(A.4.5)in Sakurai,

2 1/4
Up = ....:.L..._ m_l (__n_lf‘_’_) E-mwx?/(28) .
,\/? h nh
1 mw x2 \° Mw X2 mw | 1/4
¥y = 4 -12 +3 (_) E-mwx?/(28) .
26 n n 7h

Sotheresultfrom perturbatiortheoryis

Y (1 62][1# ° ¥ e Ve ¥ l llf}
p = - = 0 - 2 + 4 + 2 |
s 442 e 82

Sinplify[Series[¢,, {e, 0, 2}1]

mx2 w 1/4 mx2 1/4
e ~TE (%) e "TE (%) (-2mx2 w+h) e
174 + S /% 7 +
mx2 w 1/4
e"Th“("%’) (Anf x* w?2 +4mx2 wh-7h%) €2 3
+0O[€e]

128 nil/4 p2

Its expansioragreeswith thatof the exactresult.
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4. Magnetic Field

We usethe MKSA system. The Hamiltonianof the electronin the magnetidield is written in the symmetricgaugewhere
A= 2 (-y, % 0),

= 7 (P +€BY/27 +(py —eBxX/2 +p.%) - i T g 7,
—)2 2 1
- (7 om0+ S0 )k 2 g

2
N B o 2 1 ze ehB
_Zm(p —eBlz; + —— (X +y))_4ﬂeo r~ ~Y972mc Ms-

Thelasttermis alreadydiagonalizedor mg = + %

At O(B), the correctionfrom the secondermin the parenthesisanishedecause, = 0. At O(B?), thelasttermin the
parenthesesontributes.

Becausef theisotropyof thewavefunction,we canreplacex? + y? — % r2 ; computing:

Rls =a—3/2 2E—r/a.
e? B> 2

—r2Ris?r?, {r, 0, o}, Assunptions->a>0]
8m 3

Integrate|

a2 B? e?
4m

Anotherpossiblecontributionat O(B?) comingfrom the second-ordein the O(B) operatoragainvanishesecausd, = 0
Thereforethe correctionup to thesecondrder,

7B & B?
AE:—gez—mmS+a2W.

It is usefulto notethatthe secondermleadsto diamagnetisma very weakrepulsionfrom a magnet. In addition,its effect
on theindexof refractionis quite small,suppresselly a®> comparedo the effectof polarizability. We seethis by consider
ing the modified permeability wheren is the numberdensityof hydrogenatoms:
1 2 € _ 1 2
o tna g = -+naa
e i 1 3 e _ 1 3 2
Torey 7 )= W(1+na Torel 2 @ )= 2 L+na’na®).

me? &

_ 1 3 ¢
I e Am — m TN Tarom

= ﬂi(1+na3
0
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5. Index of Refraction

Sakuraiquotesthe polarizability of the hydrogenatoma = % ao® (5.1.73),whereag is the Bohr radius. Note thatthis
resultis in the Gaussiarunit. In the MKSA unit, the only modificationis the energylevelsfrom % niZ to 4;60 % niZ
andhencethe polarizabilitybecomes = 4 7 ¢g % ap® . Theenergydensityof theelectricfield is % E?, while the contribu

tion of thehydrogematomsis n % a E? , wheren is thenumberdensity. Thetotalis then

2B +na)= 3 B2 o(l+ 413 a%n).

Thereforethe permittivity of freespacds changedo thatof thegas,e = (—:o(l +4r % ag® n).

o . . _N_ p _ 101.3kPa
At 0°C, latm, the number density of hydrogenmolecules is n= ¢ = (5 = T30 E I 2731

a = 0.52910 ' m. We calculate rememberingo multiply the atomicpolarizabilityaboveby 2:

while

n=p/(k+T) /. {p~>101300, k »1.381%10°%, T 273.15};

9 3 -10
eps =47r3ao *2%N /. ag » 0.52910% 10

0. 000449863

Thereforeg = €o + (1+0.000450).

The magneticpermeabilityalso changesput this correctionis smallerby anotherfactor of o (fine structureconstant
squaredlusingthecalculationin the previousproblem:

1
Ho

e
= Hio(l+na3 16“’:";12 ): Hio(l+na3

2 € _ 1 ing2q-¢ & _ 1 .8 ¢
+na am T wo tna a47reoh2 am T o +na 167y h2
e

16meg2 h2 2

)= @+nadra?)
Mo
Thereforewe ignorethis correction.
The speedf light is givenby ¢? /n? = 1/(e u), andhencein ourcasen = Ve/¢p :
V1 +eps

1.00022

The measuremerghowsn = 1.00014(at A = 590mm. The correctionto the index of refractionis obtainedwith the
correctorderof magnitudewhile notright on. Therearetwo reasons.Oneis thatwe dealtwith hydrogenatom,not
molecule. The seconds thatour calculationis for the spatiallyconstantlectricfield, i.e. A = c.

N.B.: Sakurai'smodelfor the polarizationof the mediumis evensimplerthanthe usualtreatment(cf. Jackson). The

polarizationis notjustP = @ nE wherea is thepolarizabilityfrom aboveandE is theexternallyappliedfield, but
P = anEpmw =an(E+ ax P).

In otherwords,thetotal electricfield appliedat a givenlocationin the mediumis equalto the sumof the externallyapplied
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field andthe meanpolarizationof the medium. Consequentlypnefinds

= 14—l

7
€ 1-Zna

z1+na/+4T”(na)2 +O[na/]3.

In adensemediumwherena ~ 0.01 or greatetrthis secondordercorrectionhasa noticeablesffecton the indexof refrac
tion.

(By theway, invertingtheleftmostrelationabovegivesthe Clausius—Mossot&quation.)
6. [optional] Hyperfine splitting

Seelecturenoteson fine andhyperfinesplitting.



