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HW #4

1. ClassicalJncertaintyPrinciple

(a) TheMaxwell's equationsn vacuumaregivenby
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In this problem,thereareonly x andt dependenceandthe only non-vanishingcomponentsireE, andB,. Thenthe
Maxwell's equationgeduceto

VXEy+6tBZ=0
_CZVXBZ_a[EyZO

Puttingthemtogethertheyreduceto a simpleone-dimensionatquation,
2 V,’E, -8 Ey =0.
Any functionof thecombinatiorct — x satisfieshis equationpnamely

(c? Vi? =8%) fct-x) =

Becausaheform of E, givenin the problemis afunctionof ct — x only, it solvesthe Maxwell’s equationsautomati
cally.

To simplify the problem,definey = 47 v? 0 /¢ . Thentheelectricfield is:

Ey[x_, t ]-EO*SIn[ V— t -£x]E-<X“>“2/<2°>
—ctx)2
S EOSin[Cto\/?fxf}

Theform canbesketchedas
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Plot [Ey[x, t]1/. {t -0, ¥ > 4007, EO>1, o 10}, {x, -30, 30}, Pl ot Range » {-1, 1}1;
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It oscillatesjust like the planewaves,but is localized. The "uncertainty"is definedusingthe formula analogougo the
guantummechanicalavefunction. Firstthe"norm,"

norm=Integrate[Ey[x, 0172, {X, -, o}, Assunptions -» {y >0, o>0}]

1

7@’7 (-1l+e”) E02 oo

We couldsetthe overallnormalizatiorEy = 1 throughoutsinceit will dropout aftertakingthe normcorrectlyinto account.
But we canalsoleaveit in asa checkthateverythingis working correctly.

Nexttheexpectatiorvalue

Integrate[x *xEy[x, 0]"2, {X, -, o}, Assunptions » {y >0, o> 0}]

0

OK, thisvanishes.Finally thevariance,

temp=Integrate[x"2xEy[x, 0]"2, {X, -, o}, Assunptions - {¥y >0, o>0}]

%—e'* E0? /7t (-l+e" +2y) &3

variance =tenp/norm

(-1+e¥ +2vy) o2

2 (-1l+ev)

Notethatthe EO dependencdid in factdropout.

Ful | Si nplify[variance]

(l+—2\{ )OZ

-l+ev

1

2
One canwrite it as(Ax)* = 5 o2(1+ -2X), wherey = 472 v 02 /. It is especiallysimple
wheny > 1, when(A x)* = 3 02,
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(b) The Fouriertransformto the frequencydomainasa function of the variable"f" is calculatedbelow. We might aswell
pick a specificpositionlike "x=0" to evaluatehe Fouriertransform.

ftf_1-=

Integrate[Ey[0, t]+E 277t {t, -w, o}, Assunptions- {y>0, 6>0, c>0, f e Real s}]

Integrate::gener : Unable to check convergence. More...

(v 2f no)?

. 4t vy o
ie Zc? (—1+<e cy')EO«/%o
C

Again startingwith thenorm(notingthatft[ f]* ft[f] = —ft[f]"*2):

norn2 =Integrate[-ft [f172, {f, 0, o}, Assunptions - {¥y>0, >0, c>0}]

e (-l+e¥) E0? vt o
4c

Integrate[-ft [f172, {f, -, ®}, Assumptions - {y¥y>0, >0, ¢ >0}]

e (-l+e¥) E0? N
2c

Next, theaveragdrequency,

exptf =Integrate[f «-ft [f]72, {f, O, o}, Assunptions » {y¥y >0, o>0, ¢ >0}]/nornR

ce \y Erf [+/y]

2 (-1l+e¥)mo

exptf /. c-)C'\/?/(va)
e¥ vErf {\/?}

-l+ev

Limit[Erf[Vy], ¥ ]

1

Onecanwrite it asy —E{jlgi@ﬂ wherey = 472 v? 02 /¢? . It is especiallysimplewheny > 1, whenit reducego nothing
butv. Finally thevariancein thefrequencyis (remembeto normalize!)

exptf2=Integrate[f? «-ft [f]172, {f, 0, o}, Assunptions > {y>0, o>0, ¢ >0}]/norn?

cZ (-1+e¥ (1+2v))
8 (-1+ev) 12 02

Ful | Simplify[9%

c?2 (-1l+e” (1+2v))
8 (-1+ev) 2 02
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%/. o»c\y /(2nv) //Sinplify

(-1+e¥ (1+2%)) v2
2 (-l+ev) vy

Limt[% y- o]

v2

Thenthesquareof thedispersiorin the frequencyis:
di spersion2 =exptf2 -exptf~2//Sinmplify

2 [-(-1+e”) (-1l+e¥ (1+2y)) +2e?Y yErf [\/?]2)

2 2 g2

8 (-1l+ev)
dispersion2/. osc/y /(2nv) //Sinplify

V2 (—(—1+<e7f) (-1+e¥ (1+2v)) +2e?Y yErf [\/?]2)

2 (—1+e7)2y

Li mt [di spersi on2, y - o]
%/. oscy /(2nv)

C2
82 o2
V2
2y
Namely,
a7y +29) -2y ErflyY21’)
) 2y(1-e7)?
whichsimplifiesto
1 c?
2 =2 —_—
Af)Y =v 5y = B

wheny > 1. Therefore

(Ax)® (A f) =

1672

Onceinterpretedasaphoton
@f?=cap’ /r

, andhence
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@x* @ap? = ”
4

asexpected

2. GaussialWavePacket

(a) Thenormis

<w|¢>=f<w|x><x|w>dx=f[u/(xn* v () dx

. Specifyunnormalizedtateonspatialbasis:

wun[x_] = E Px/n E—(x—xO)Z/(AdZ);
We now integrate:

nornB =
I nt egr at e [Conpl exExpand [Conj ugat e[¢un[x]] yun[x]], {X, -, o}, Assunptions - {d > 0}]

d+/2
ThereforeN is

1/Sqgrt [nornB]

1

Verify:
Y[X_]1 =yun[x] /Sqrt [nornB];

I nt egr at e [Conpl exExpand[Conj ugat e[¢[x]1] ¥[X]1], {X, -, o}, Assunptions -> {d > 0}]

1

(b) Now calculate

= XY = [W ) xx gy dx = [Ty (0] x¢ (X) dX

I nt egr at e [Conpl exExpand[Conj ugat e [¢[X]] X ¥[X]], {X, -, o}, Assunptions -> {d > 0}]

x0

(c) Calculate2ndmoment

0@y =W 1 X2 1y = [W 1) (x| gydx = [T (01" X2 ¢ (X) dx
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I nt egr at e [Conpl exExpand[Conj ugat e[¢[x]] X? ¥[x]], {X, -o, w}, Assunptions - {d>0}]

d? +x0?

Soourdispersiomx = v/ (x2) — (x)* is

di spx = Sinplify[Sqrt [%-x0?], Assunptions » {d > 0}]

d

(d) We utilize the unity operator notingthatthe momentumeigenvaluep in ¥(x) is not the sameasthe momentuncoordk
nateq in ¢(q),

q

6(@) = (al> = (a1 x| v) dx = [ S w0 dx

¢[q_] =Tri gToExp[Sinplify|

Exp[-I qx /ha]

Conpl exExpand [l nt egrat e ¥[x], {X, -®, o}, Assunptions - {d>0, a>0}]],

V2rh
Assunptions - {d >0, h>0}]]

Integrate::gener : Unable to check convergence. NOre...

d (p-a)2 i (p-q) x0 1/4

de = 7 (2
\hd
Checknorm:

I nt egr at e [Conpl exExpand[Conj ugate[¢[q]] ¢[q]], {Q, -, ®}, Assunmptions - {d>0, A>0}]

1

(e) Similarto(x) :

I nt egr at e [Conpl exExpand[Conj ugate[¢[q]]1 d¢[q]], {Q, -o, ®}, Assunptions - {d>0, A>0}]

(f) Letusnow calculateAp similarly to Ax:

I nt egr at e [Conpl exExpand[Conj ugat e[¢[q]1] 9 ¢[g]]. {4, -, x}, Assunptions - {d>0, h>0}]
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dispp=Sinplify[Sqrt [%-p?], Assunptions » {d >0, A >0}]
h
2d
Finally, computethe combineduncertaintyAxAp :

di spx = di spp

h
2
We obtainthe minimumcombineduncertaintyasexpected!

3. Provingthe Baker—HausdorfLemma
() % B(t) = e~ ABetA+eAB(-AetA
=dA [A, B] g tA

Noting that:
A A BletA = [A B)]
(b) B() = B + fol 4 B dt
B(1) = B + fol[A, B()] dt
S, By = By +Z::o A Bn]folt” dt
% 5 Bn A B
SiBh= ). [ABFr

n=
SwiBr= ) [ABualg

1
n+1

I
e
+
™M

Bn = =[A Byl

(©) Bn = +IA Bral = +[A 3IA Buzl| = maplA [A Brzll = ..

1
= oo A A [A Byl ]

B, = —an[A, [A, ... [A B]...]] (w/ n nesteccommutators)

d) e Be” =Bl = X B

n=0 -Nn
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Beh =) A [A ..[A Bl .]]

i pa/h ~ipa/h _ ©
(e) P/t xe Zn_o LZIA A A K.
=) A () P IR e X ]
Only thefirst andsecondermssurvive:

= x+a(s) (=i

gpa/h yegipa/h — x 4 g



