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HW 6

1. WKB harmonic oscillator

a) Energy levels

(Hitoshi doesthis problemin his WKB notes,onpage8.)

Theclassicaturningpointsa, b arewhereKE=0, i.e.
E=V(X = % Mw? X2
)

a,b::xlz—Ez.

We applyor V(x) anr?icf’heturning pointsto takethe energycondition

fab\/Zm[E—V(x)] dx = (n+ L)rh

andintegratethel.h.s.:

2 EO
a0 = - ; b0 = -a0;
mMw?

mw? x2
VO[X_] = 5 :

Integrate[Sqrt [2 m(EO -VO[X])], {X, a0, b0}, Assunptions - {m>0, w>0, EO>0}]

EO
w

We find
E—wﬂ— = (n+ %)ﬂh

suchthat

E=(n+3)ho

asdesired.

b) SHO WKB wavefunctions

(Letusproceedn theunitsh=m=w=1.)

The trick hereis thatwe wantto usethe classically—allowedVKB wavefunctionfor SHO in betweerthe turning points,
andthe "tunneling"WKB wavefunctionsn theforbiddenregions which extendto +co. This canbe seeneasilyon a plot
of thegroundstate wheretheturningpointsareat+ 1:
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Our SHOenergiegfrom part(a)), potentialfunction,andclassicakurningpointsare:

E L.
nin_] =n+ 7

X2
VIX_] = —
a[n_] =-+2En[ny;
b[n_] =-a[n];

We constructthe wavefunctionin allowedregionusingEq. 30 in the notes. We split up the integralaroundx = 0 and
considerthetwo turningpointsa andb separatelysoMathematica doesn’tgive atrivial result:

ygal[x_, n_] = [

(2Abs[V’ [a[n111)*”?
72 (En[n] - V[X])

172
] Cos[Integrate[v2 (En[n] - V[t]),

{t, a[n], x}, Assunptions ->{n>=0, a[n] <x, x <0}] —%];

ya2 [X_, n_] = (

(2 Abs [V’ [b[n11]) 3
n4/2 (En[n] - V[X])

J Cos[Integrate|

V2 (En[n] -V[t]), {t, x, b[n]}, Assunptions ->{n>=0, x>0, x <b[n]}] -%];

Similarly, for theforbiddenregionswe useEq. 31:

Yfl[x_, n_] =
Exp[-1nteg
lIIfZ[X_, n_] =

(2 Abs[V’ [a[n]]1])*"?

72 (V[x] -En[n])

rate[v2 (V[t]-En[n]),

(2Abs[V’ [b[n111)*"?

Exp[—l ntegrate['\/z (V[t] -En[n]), {t,

72 (V[x] -En[n])

1/2

{t,

172

1
2
X, a[n]}, Assunptions - {n>=0, x<a[n]}]];
1
2

b[nl, x}, Assunptions - {n>=0, x>b[n]}]];
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Ok, now whataboutthe regionsright aroundthe classicakurning pointsa andb? We know thatthe wavefunctionsabove
blow up nearthesepoints. So, let’s definearadiusabouttheturningpointsinsidewhich we treatspecially:

e =0.5;
Next, we constructa piecewisdunctionfrom the asymptotiovavefunctionsaboveoutsidetheseregions(using’UnitStep’):

ywkbasy[x_, n_]=(-1)" ¢yf1[x, n] (L-UnitStep[x - (a[n] -€)]) +
(-1)" gal[x, n]UnitStep[x - (a[n] +e€)] (1 -UnitStep[x]) +
ga2[x, n] UnitStep[x] (L-UnitStep[x - (b[n] -€)]) +y¥f2[x, n] UnitStep[x - (b[n] +€)1];

Now, in the specialregions we usethe Airy functionsthemselvesandagainconstructa piecewisgunction:

ywkbt pa[x_, n_] = (-1)" AiryAi [-(2Abs[V' [a[n]11])*"® (x-a[n])] UnitStep[x - (a[n] - €)]

(1-UnitStep[x - (a[n] +€)]1) +AiryA [ (2 Abs[V’ [b[n]]])l/3 (Xx-b[n])]
UnitStep[x - (b[n] -€)] (1-UnitStep[x - (b[n] +€)]);

Finally, we addthesetwo chunksto getthewholefunction:
YyWKkb [x_, n_] = ywkbasy[x, n] + ywkbt pa[x, n];

WAIT: If we're usingthe asymptoticwavefunctiongmatedto the actualAiry functionsin the transitionregions,why not
just usethe Airy functionseverywheregxpandingabouttheturningpoints? A moment’sreflectiongivesthe answer: this
would work greatcomingin from +co andpassinghroughtheturning points,but asyou moveinto the classically—allowec
region,the Airy functionwould not reachits cosine—shapedsymptotdastenough! Thereasonwe do it piecewisds that
we want accurateresultswhereE > V, andlive with nastinessn the transitionregions. (In the classically—forbidden
regions the Airy functionshoulddecayfastenoughto matchthe asymptoticsolution.)

To seethis, let’s constructhis all-Airy functionwavefunctionby expandingaroundthetwo turning points:

gair[x_, n_1=(-1)" AiryAi [-(2Abs[V’' [a[n]1] Y3 (x-a[n])] (1-UnitStep[x]) +
AiryAi [(2Abs[V' [b[n111)*® (x-b[Nn])] UnitStep[x];

Finally, we wish to compareo the exactresults:

1 -x2
yexa[x_, n_] = 7% Exp [
A/2n Factorial [n]

] Her mi t eH[Nn, X1;

Let's comparghe exactandWKB solutionsfor n = 1:
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Pl ot [{yexa[x, 1], ywkb[x, 11}, {x, -4, 4}, PlotStyle » {GayLevel [0], Hue[0]}]1;
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Our WKB solutionslooks greatat | x| - co andx ~ 0 whereE <« V andE > V respectivelyasexpected. The Airy
function matchesicely with the decayingwavefunctionsn theforbiddenregions but doesindeedmismatchthe wavefune
tion in the allowedregion.

Now, let's comparehe exactandall-Airy solutions:

Pl ot [{yexa[x, 1], vair [x, 11}, {x, -4, 4}, PlotStyle » {GayLevel [0], Hue[0]}]1;

As expectedwe getthe oppositebehavior. Comingin from + o, the wavefunctionmatcheghe exactsolutionnicely.
However,aswe movetowardx = 0, thediscrepancyuildsup until you geta mismatch.

Now let's look atn = 10:
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Pl ot [{yexa[x, 101, ywkb[x, 101}, {x, -7, 7}, PlotStyle » {G ayLevel [0], Hue[0]}];
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Fantastic! Becauseéhe energyis muchhigher,the approximationis far moreaccuratgi.e, the stateis muchmoreclassical),
andon this plot the mismatchbetweerthe Airy functionin thetransitionregionandthe wavefunctionin the allowedregion
is notevenvisible.

Now let’s look attheall-Airy solutionfor n = 10:

Pl ot [{yexa[x, 101, yair [x, 101}, {x, -7, 7}, PlotStyle > {G ayLevel [0], Hue[0]}];
0.4y m
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A bit betterthann = 1. Thediscrepancyuildsup againcomingtowardx = 0 from the turning points; however because
is even,thereis no mismatchatx = 0, justa sharppoint.

-6

Finally, letuslook atn = 20:
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Pl ot [{yexa[x, 20], ywkb[x, 201}, {x, -10, 10}, PlotStyle » {GrayLevel [0], Hue[O]}];
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We seethatthe WKB solutionhasa bit of overshootlueto the higherenergy;otherwisethe agreemenis quitegood.

Finally, let uscomparethe exactandall-Airy solutionsfor n = 20:

Pl ot [{yexa[x, 201, yair [x, 201}, {x, -10, 10}, PlotStyl e » {G ayLevel [0], Hue[O0]}]1;
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Theovershoots still there butthediscrepancys lessapproaching = 0 asonewould expectwith thehigherenergy.

N.B.: Of course,onecouldjust usepolynomialto handlethe transitionregions. But, if we’re goingto usenumerical
methodswe mightaswell usethe variationalmethodinsteadof WKB. :P
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2. Classical limit of hydrogen atom

a) Correspondence between orbital motion and emitted photon

Onecanderivethe Bohr modelby takingthe energyof anelectroncircling a proton(CGSunits)
E= 1mp - 2£
L2 L "
andapplyingthe quantizatiorcondition
L, =mvr = nn.
(This justificationfor this quantizations just units; we know thatthe groundstatein fact hasno angularmomentum.One
canalsoderivethe Bohr modelby requiringwhole wavelengthgo fit onacircle of radiusr .)

Substitutingfor v, we get
1 nny\  zé
E= fm(f) - 25

mr r )
We requireonemoreconditionto eliminater. Let ususetheforcebalance
F= mv? _ Z¢é
- - - r - rz
which gives
_z& _ z& ,mr2
) r=ow =% (&)
andfinally
12
= 7gm-

Substitutingthis backin to theenergy,
2 42 2 42 2
En_inh z& _ nPh (Zezm) _Zez(Zezm)

=2 mrnZz " 1 T 2m \nmn2 2 72
to obtain
2
En Z_ZZnZeAhIZTI .
Similarly,
V.= Nh_ nn Zzeém _ Zé&
"~ mr, ©— m nn ~ nh '

Having derivedthesebasicquantitieswe canexpresshe frequencyof orbital motionin staten as

Ve _ 1 z€& Z&€m _ 1 Z2ém
Yo = 7 T %7 hh MR T 27 ®WR - ]
Ontheotherhand,we know thatthe frequencyof a photondueto a changerom staten ton -k is
= = Zze“m(i_ 1 )_i Z2em 1
Vy = Toxn T T2x 2w \W® T ow? )T 2x 2R (% :
n

Approximatingk < n,
1 Z2¢m (1_’_&_1): ( 1 Zze“m)(k)_

Vy = 37 IR n 27 R

As indicatedin the hint, we find thatthe frequencyof the photony, is anintegermultiple of the frequencyof orbital
motionv, .
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b) Correspondence between classical radiation and mean lifetime

Under classicaldynamicsthe electronis being continually acceleratedso it shouldemit radiation. To know the mean
lifetime t of a staten, we mustknow how fastit losespower. Sincethe modelis semiclassicalyve canusea classical
radiationformula. We foundabovethatthe velocity goeslike % sothemotionatlargen is non-relativisticandsowe can
justusethe Larmorpowerformula(againin CGS)

_ o2&
P——W—.
Fromabove,
2
_ Fy o z& 7€ (z€m\" _ Z2ém
) a_”_W_ mr,2 — m (nzhz) A
Substituting,
_ 27Z8eMn?
P=Zemmw -

The meanlifetime shouldbe

3B 3 e

_ En-Enq _ (Z2€'m
=7 _( ™ 72 )(1) 2284 m? ~ ZAedm -

Rearranging,

asexpected.

c) Comparison of classical and quantum lifetimes

We implementthe correctexpressiorabove(with 7 in unitsof eV s):

lifetinmec[n_] =

2 , mec2 1
(— a (Za) —
3 hbar n®

-1
) /. {a-»137', Z51, nec2 - 511000, hbar -» 6. 582 %107¢};

Computingfor n = 2, 4, 6 wefind respectively

{2, 4, 6} //1ifetinec
(2.98388x10°%, 9.54841x10%, 7.25082x10 "}

Theseareaccurateo within anorderof magnitudeof the given quantunvalues,andseemto improvewith increasin¢n as
we would expect.
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3. Spin precession in magnetic field

a) Time evolution of eigenstates

The Schibdingerequationis

eB

ihd [Y)=HIY)=(-052cSB)¥)=(-05= &) |¥)=-0S |¥)

eB
mc

wherewe definedw = g »

Then,for |¢) = | S;; +) wehave

in0 1S +) = 5| S +)

andfor |¢) = |S;; —) wehave

70 1S;-)= 22 |S:-).

Sowe havefor thesolutions

1S+, )= ezt |5 +)
1S; -, t)=e'zt|5; - ).

For a statealignedwith the quantizatioraxis,the "precessionfs justarotatingphase.
b) Dynamics of | Sy; +)
First, definethe spinmatrices:

h
= ?{{O’ 13, {1, 03},

h
_{{01 —I}, {I! 0}}:

S
> 2
S;

h
?{{11 O}v {01 _l}}v

Find the eigenstatesf S, :

ei genx = Ei gensystem[S ]
h h
{{-= =z} (-1, 1}, {1, 13}}
Ourstate| S;; + ) isthen
. 1 . . \

andso
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1SG + 1) = = (IS + ) +[Si - t)).
In componenform onthetime—independertiasis{ | S;; + ), | S;; — )},
. L et 7t
1S + 1) = W(e—i%t ) '
c) Showing precession

Let usimplementthe abovestatein componenform, aswell asits conjugate-transpose:

ysxplt_]

——\/—1_—2—{{Exp[l -;-t]}, {Exp[-1 -;-t]}};
vxpet 11 = — (B0l 3] Eell S 1))

We calculate<s<; +, t ‘_é | S +, t> andputit into vector{x, y, z} form:

ExpToTri g[{ (¥sxpct [t]. Sc. ¥sxp[t1) [[1, 111,
(sxpet [t1.Sy. ¥sxp[t1) [[L, 111, (¥sxpct [t1.S,.¥sxp[t1) [[L, 111}]

{%hCos[t w], —%hSin[t w], 0}

This is the clockwise precessioraboutthe z—axiswith angularfrequencyw = g Ze—rfc of a vectorof length % As
expectedthereis no z—component.(The classicalanaloguds a gyroscopeprecessinglockwisein the plane;of course,
herewe can’'t simultaneoushhavecomponent®f x/y andz.)

4. Hamilton—Jacobi for light [optional]

a) Apply WKB approximation to equation of motion

Following the samestepswe did for the Schrdlingerequationwe first write the Maxwell’s equatiorwith A° = & 5%

_)2 » 2 ‘42 . .
(&8 -7 Jem (—[—(—) ]——";S (_)]és “0.

In thelimit S> #, we candroptermsof O(S/ %) andkeepthoseof O(S/h)2 :

25 -(v9)? =0,

This is the "Hamilton—Jacobi'equation.
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(Of coursejn the Maxwell equationthereis no notionof 7. Whatwe aredoingis a valid approximationwhenthe variation
of thephaséds very fastcomparedo thevariationof theindexof refraction. It is called"eikonalapproximation'in optics.)

b) Equivalence to particle in given potential

2

The Hamiltonianof free particlein potentialV(x) = — - n(x) is
H=L2 o
~2m  2m*

Applying this to the Hamilton—-Jacobequationwe obtain

%(Gs)z—i+%=o.

2m

Sincetheactionhasno explicit time dependenceye canmakethe Legendretransformatimﬁ(t, ?() = S(E, ?() - Et toget
2
1 (o n?
m (V S) - 5= = E = 0

2m

andfinally

If n in part(a) hasno time dependenceye cando the samelLegendretransformatiorand obtainthe equivalent'H-J"
equation

c) Separate variables, integrate "action" variable

Assumingn(?) = n(x), the"Hamilton—Jacobi'equationdoesnot haveanexplicit dependenceny ort. Writing

Sx, v, 1) = Sx, py, E) + py y- Et,

the equatiorbecomes

LB (49 -p2=0

Therefore,

dé_ n2 2 2
™ =NeE-py

andhence
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12

sf [0 g2 52y

Here,the possiblex—dependencef theindexof refractionis emphasized.

d) Integral expressions for "angle" variables

. [ 0S
USIngt: E’y —W

% 2
n(x')
E
t= e (X
n(:ziEZ—py?
X
y= | —P_dx.
”(:%Ez_pyz

e) Work to Snell’s law

, wefind

Assumingthatn(x) = n; for x < 0 andn(x) = n, for x > 0, andchoosingthelower endof theintegrationatx = 0,

y.(X) = —2——xforx<0
’%EZ—WZ

and

Yo (X) = ——— x forx> 0.
”322 E2-p,2

. . . . . _ 1 .
Usingthetrigonometricrelationsina = Toror , wefind

. _ 1 _cpy
Sina. = 72 = mE:
M~ g2 52
2 — Py +1
. _ 1 cpy
SIna- = - =nE’
n” 2 2
e 2 el +1
andhence
sine.  _ ny
sina. ~— np !’

which is nothingbutthe Snell’'slaw of refraction.



