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HW #7

1. Free particle path integral

a) Propagator

To simplify the notationwe writet =t” —t’, x=x" —x’ andworkin 1D. Since[x;, p;] =i%4;;, we canjust construct
the 3D solution.

Firstof all, becaus¢he baseketsevolveaccordingo the "wrong sign” Schrdalingerequation(seepp. 87-89),
X', t) =e " /A |x 0), (x", t"|=(x",0]|e"Ht/",
Therefore,
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Theanalogougxpressionin threedimensionss simply
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b) Action in exponent

, and hence the action is

For the classical trajectory, the velocity is simply v= +

5 L2 2
S =f—;-m(%%)dt=—21-m(i) t= 2t , andsotheexponenbf thepropagatois indeed(i & /%).
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c) Partition function

The partitionfunctionfrom statisticalmechanicss
Z=3, (njef"|n),

where | n) candenoteelementf anybasis. Obviously,the Hamiltonianeigenstatethemselvesregenerallymostuseful
for calculatingthe sumdirectly; howeverwe canusethe basiselements| 7() aswell:

Z= [ x(X|ePH|X).

We observethat 3 H looksanawful lot like i H t/ 7, exceptthatthelatteris purelyimaginarywhereaghe formeris purely
real. Thereforewe definethe"Euclideantimer by theanalyticcontinuatiort - —it andget

Z:fd3x<?(|e‘HT/h |>?>

in whichwe setr = 7 8, thethermalquantumtimescale.Noting that( X, 0| e Ht/* = (X, t| with "Minkowski" time in
the Heisenbergicture(seepart(a)), we get

Z=[d®x(x -inp|x,0).

The conversiorto Euclideantime is alreadycomplete,since?f =X = X. Thisis becausef the topology of Minkowski
time is anopenline from —co to oo, the topologyof Euclideantime mustbe a circle. Periodicfunctionsof time become
hyperbolic,andhyperbolicfunctionsbecomeperiodic. Accordingly,in the exponenof the pathintegral,the actionintegral
is now on aloop, andall trajectoriegeturnto their origin. Insteadof computingthe pathintegral,we canjust convertour
resultfor part(a)to get

2= [& x () €™

3/2
Z =V(55)

whereV is the volumeof the system. Thisis nothingbut the single—particlgpartitionfunctionfor the classicaideal gasin
threedimensionsasexpected.

It is interestingthat changingfrom Minkowski time to Euclideantime would effecta changefrom a propagatothatobeys
the Schrdalingerequationto a diffusion kernelthatobeysthe heatequationandmoresathatsubstitutingz 8 for the Euclid-
eantimeyieldsthethermodynamigartitionfunction perunit volume.



HW?7.nb 3

d) Superfluid transition temperature in He—4

In Euclideantime, theactionintegralis

"B 2

e=f, arL =g ar 3(3)

0

1

whereall pathsareperiodic,including particleexchangeperations.

If oneimaginesEuclideanl+1 spacetimeasa cylinder,the trajectoriesof two umolestedoarticlesarejust singleloops
around. However,if we switchthe particlesthetrajectoriescross—— thetrajectorystartingat particle 1 attachego the start
of thetrajectoryof particle2 afterwrappingaroundthe cylinder,andvice—versa.In orderfor this switchingoperatiorto be
undone(i.e., for the trajectoriedo be closed) thetrajectorieshaveto makeone more trip around,to connecto wherethey
startedoriginally. So,with a switchingoperationgachparticlehasanaverageof oneextraloop in calculatingtheaction.

Naively, one might simply makethe thermalguantumsubstitutions\ (the thermalde Broglie wavelength)and# g for

| dx | =dx andd r respectively. While this makessensdor d r, onemustbe carefulwith d x. Trying it, onewould find
theresultS: ~ N7, wherewe defineN to be the numberof loopsaroundthe Euclideanspacetimecylinder, with all the
otherconstantgancelling. Thatis, it would quantize'too far" —— we needto retainsomelengthscalethat’srelevantto the
inter—particledynamicshatchangeshe normalfluid to a superfluid.

Generally,the relevantlength scaleis the "meanfree path"l; , which is the averagedistancea particletravelsbetween
collisions. In the low temperature@egimewherethe particlesare evenlydistributedin Boltzmannfashionasin part(c),
multiple bosonswould pile up asa condensate Thatis, manyparticleswould sharethe samegroundstatewavefunction;
moreover the classicainteractiondbetweerparticleswould be sphere-likewith no "screening'effects(andignoringmean
field effects).In this case,

1

-1 . -
|fz(\/§n><0') z(ﬁnxﬁ) z#le/s
wheren is the numberdensity,andthefactorof v/2 comesfrom the Maxwell-like distributionof particlevelocities. (If a
particleof interestweremuchfasterthanall the otherparticles we would just use(n x o) !, whichis easyto seegeometri

cally.) Notewe justsubstitutedi 2 for the cross—sectionaliameter.

Letustrydx ~ ls:

np 2 2 nB
Sod AT TGy =30 6 e

-3 (35) N8B = 3 2% FN= N

e @R hp 2B hp

Now, we wantthetemperaturatwhichthechangen & is# with eachadditionalloop:

4m n.z hz n2/3 7T2 hz p2/3
AS = mpmrg == T = Tgn = T

wherep is the massdensityat the superfluidtransitionT, . Let uscomputeit, with afigure of 7.798Ib/ft"3 for the mass
densityof liquid He-4 @ 4 K (from theliquid heliumsafetydatasheet4.22K is theboiling pointaccordingto Wikipedia):
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72 B2 p2/3

W/. (kg ->1.38%10°2%, £ 51.055%1073*, m->4+1.66%10"2", p->7.798 %16}
B

2.1183

This resultis embarrassinglgloseto the measuredralue of 2.1768K (Wikipedia), for havingusedsuchhand-wavy
arguments!

2. Propagator of harmonic oscillator

a) Propagator with energy eigenvalues

Asin 1(a)above,
K= (X, tr X, t) = (X, t [ HEDM )
We caninsertthe unity operatoron the basisof Hamiltonianeigenstateg n ):

Xeote X, ) = 20 o (g, i e HO=0 iy (nx;, i)
=Yoo (Xe, i [ny(n|x, t)e Bt/
= oo Wn(Xt)" Y (%) e En r=t/A

Making theusualsubstitutiort; —t; = —i 7, we obtainthedesiredresult
K= Z?:O Un(Xs)" Yn(x) e BT/,

b) Leading behavior

We implementthe harmonicoscillatorpropagatoandmakethe substitutiorfor ty —t; = —i7 =1iIn(e) / w:
kh Mmw E | mw 2 +x0%) Co t-t0 2xx0) |/
0= X X S - -2 XX .
271 BSin[w (t -t0)] p[(ZhSin[w(t—tO)])(( +x07) Cosw ( )] )]

(t -t0) » 1| Log[e] / w;
AsT - o0, € » 0, sowe canexpandt arounde = 0:

Series[kho, {e€, 0, 1}]

e,ﬂ’%_“:,ﬂ‘l;;i \ 5 Ve 32
+0O[€e]
\ 7T

We seethattheleadingorderis €2 asexpected.
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c) Expansion to arbitrary order

Expandthepropagatoto orderl0+ 1/2 = 21/2:
khos = Seri es[kho, {e, 0, 11}1;

Extractthewavefunctions:

khosO = Si npl i fy[ (Seri esCoef ficient [khos, 1] /. x0 - x) "2,
Assunptions » {a>0, m>0, w>0, xeReaIs}]

khos5 = Si npl i fy[(Seri esCoef ficient [khos, 11] /. x0 ->x)1/2,
Assunptions » {a>0, m>0, w>0, xeReaIs}]

khos10 = Si npl i fy[ (Seri esCoef fi ci ent [khos, 21] /. x0 - x)'/?,
Assunptions » {#>0, m>0, w>0, x € Real s}]

mx2 o 1/4
e T ()
1/4

_mx2 o (e 3/4

ez (D) Abs (1572 x -20 A mx3 w+ 4t x® w? ]

2+/15 n2 xl/4

1 _ mx2 o mao 1/4
720 /7 nl/e ( " )

Abs [945 1n® - 9450 n* mx? w + 12600 1® nf x* w? - 5040 n? n? x8 w® + 720 A nf x8 ow* - 32 P x10 w® ]

Sowe find thewavefunctions:

mx2 1/4
eI ()

¥ko = l/4 ;
m2 oy  3/4
e 7TE (=2) (1582 x -20 A mx3 w + 4 n? x5 w?)
Yk5 = )
215 n2 xl/4
mx2 o m 1/4
yk10 = @ " Za

w
(7;2'1‘ (945 15 - 9450 n* mx2 w +

= |
720 A7 nls4

12600 &% n? x* w? - 5040 B? n? x° w® + 720 A nf x® w* - 32 P X0 &®) |;

d) Graph and check normalization

Let usplot our wavefunctions:
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nums = {m-1, h-1, w-1};

Pl ot [¢x0 /. nuns, {x, -3, 3}1;
Pl ot [¢x5 /. nuns, {X, -6, 6}1;
Pl ot [¢x10 /. nuns, {X, -7, 7}];

0.4

‘0. 4!

And showthatthey’renormalizedo 1:
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Integrate[wkoz, {X, -, o}, Assunptions ->{h>0, m>0, w>0}]
Integrate[wk52, {X, -, o}, Assunptions ->{h>0, m>0, w>0}]
I ntegrate[ykl0?, {X, -o, o}, Assunptions -> {hA>0, m>0, w>0}]

1

3. Discretized HO path integral [optional]

Seepathintegralnotespp. 15-19.



