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HW #9

1. 3D Harmonic Oscillator

(a) We handlethetwo termsseparatelyfirst thekinetic energy,
2
[Li, zp—m] =€ kX P, Sm-l=e€jklXi, PPl B = €ijk 2765 P g
— X €jk Pj Pk =0
by antisymmetryof € ji . Similarly the potentialenergy,

2
[Li’ 7 Mo’ X ]=€iik[xj P, 7 Mw? X X | =€ i % [P, X %] 5 Me?
=€ jk Xj - 2(=i ki Xl)-%mw2=>0.

(b) We generalizeheusualcreationandannihilationoperatorfor eachspatialdirection,

a=y 5 +im),  al =5 i)

The commutatiorrelationsareobviously[a; , a; 1= dij . TheHamiltonianis simply the sumof three1D harmonicoscilla
tor Hamiltonians,

H=tow(a' ac+aa, +a,"a, + %) .
The angulamtmmomentunoperatorsarerewrittenusing

hmw

X = g @ +a"), p =i @-a’).
We find

Li _EIJkXJ Pk =€ jk 2mw (aj+aji)( V 7ﬁmw)(ak a™)

Eljk(aj+aj N (a —a’)
7euk(ajak—a,-ak*+aj a - a’h)

- %Eijk(ajTak_akT aj)
L; =—ifl€ijk aﬂ'ak .

For laterpurposesit is usefulto define
-1 . 1 .
a, :W(ax_lay)’ a :W(ax""ay) .
Notethat

[a,,a.f1=[a,a"]=1, |
[a,a]l=[a,aT]=[aT,al=[a’ a’]=0
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Thentheangulammomentunoperatorcanbe furtherrewrittenas

=h(-(ax" +iayT)a, +a, (ax +iay))
L, =avV2@Ta +aa)

=h(a" —iay")a, —a, (ax —iay))
L. =av2@ta +a'a)

( —a. T a +a, a f+a, f aL—a+)

Lz R I TR

L

—ih@ax"a —a ax)=-i
wa.ta, —afTa).

In otherwords,a, ™ (a,) creategannihilates)he excitationwith L, = +7%, whilea_" (a_) creategannihilatesjpnewith
L, =-%.

(c) Thegroundstateis unique andthe only representationf angularmomentunthat canbe formedby a single stateis
I =0.

A moreexplicit way to showit is simply by acting
Lo 10=hvV2 @ a+a a)|0)=
10 =hV2(@Ta+a"a)|0)=
L10=n@aTa —aTa)l0=
(d) Thecreationoperatorsarek = 1 sphericakensoroperators,
TP =a", TP =a" T,P=af.
To verify this claim:
L., Ta?]=[rV2 (@ T a +a"a) a']=0,
L Ta®]=[1V2@ e +aa) a|=rnV2a" =nV2To",
Lo, ToP]=[rV2@a+a’a) af|=rv2at =nv2T,Y,
L, T1P]=[rV2@ta +a’a)a’]=0.
Indeed theoperatorform thek = 1 representatian
(e) Usingthenotationdefinedabove,
1,1, +1)=a,"]0).
Firstwe showthat | 1, 1, 1) cannotberaised:
L. 1L h=avV2 @ Fa +afa)a’|0)=0.

Thenby loweringthis state,
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LLILLY=havV2@Ta+a a)at|0)=1V2a|0)=2v2]1 1,0).
Loweringthis stateoncemore,

L1, L0=hvV2@Ta +afa)a|0)=avV2a™|0)=2v2]|L 1, -1).
Finally this statecannotbe lowered

L1, L -h=hv2@ta +a’a)a’|0)=0.
Thereforetheyform thel = 1 representationorrectly.

(f) We first rewrite the quadrupolemomentoperatorin termsof creationand annihilationoperators. Startingwith

X = o @ +a"),

32-12=22-¥ -y =" (2(& ra,") —(a +a) — (3 +ayT)2)

i s 2 . faat (2
Z%(Z(aﬁa;f_(&; palaly (i ala )).

Becauseve will takethe expectatiornvaluesof this operatorwe areonly interestedn the pieceswith onecreationandone
annihilationoperators. The pieceswith two creationor two annihilationoperatorgdo not give non—vanishingexpectation
values. Thereforekeepingonly thoseterms,

32 -1~ ;- (2(a, 8, +a," &)
—t(@a-a)@t-aH+r@t -aH @ -a))
-s(@+an@f+ahH+@+ahH@ +a))

= o= (2@ 8 +a,7a)-@ a’+a’a +a. a’+a'a,)

=2 a-@a’a +a’a).

In the laststep,we usedthe commutatiorrelationto rewriteaa’ = a" a+ 1, andcancelledhe constanpiecesagainsteach
other. Thenit is easyto work out the expectatiorvalues,

(1,1,1132-12|1,1, ) =(0|a, 7= (&, a, -(@a"a +a a,)a’|0)=-7,

(1,1,0132-1211,1,0)=(0]a, = (2a," &, (@ Ta +a.Ta,)a’ |0)=2

mw w'’

(1,1,-1132 -r?|1,1, -1 =(0]a -=a'a-(a’a +a.Ta)a’|0)=--L.

w

The quadrupolemomentoperatorhereis a sphericaltensoroperatorwith k=2, = 0. To seeif this resultis consistent
with theWigner—Eckartheoremwe needthe Clebsch—Gordanoefficients

Tabl e[Cl ebschGordan[ {1, m}, {2, 0}, {1, m}], {m -1, 1}]

{L _ 12 L}

710 ' 5" 410

The ratios amongthe expectationvaluesare indeedthe sameas the ratios amongthe Clebsch—-Gordarmoefficients
1:-2:1.
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As an addednote, a positive quadrupolenoment(32> —r?) > 0 indicatesa prolateform, while a negativequadrupole
moment3 7% — r2) < 0 indicatesanoblatedform.

(g) Frompart(d), we cansurmisethatthe six statesarecomposedf: (a, )’ |0), (@)’ |0), @’ |0),a," a0,
a.fat]0),a"a T|0). BylookingatthelL, eigenvaluest is easyto identify

122,9= -1 @"’|o).
|21 21 1>:a+1- aZT |0>1
12,2, -1)=a,"a_T|0),

1 2
122,-2)= =@ ") |0).

Therearetwo stateswvith m= 0: (aZ*)2 | 0}, a,."a_"]0). Wecantell whichlinearcombinationbelongsto | = 2 represent:
tion by actingL_ on|2, 2, 1),

L1222 h=rvV2@fa+a’a)a a’|0)=nvV2@ta’+a’a’|o0
=1v62,20).

Therefore we canidentify
12,20 = %(&T a."+a,"a,)|0)

whichis properlynormalizedasit shouldbe. Theorthogonakcombinationis
1200 ==Rata’-a"a"h|0).

To verify thatthis stateis indeedanl = O statewe cancheck

L 1200=rvV2@ 8 +a'a) a'a’-a"a"o)
=h«/§%(—aﬁ a,"-a%at+2a"a,)|0=0.

A muchmoresystematiovay of obtainingthe sameresultis to useSakurai’'sEq. (3.10.27).Eventhoughthis exampleis
simpleenoughto work it outexplicitly asdoneabove thegeneralizatiorio higherN would be quitecumbersome.
Eq. (3.10.27)says

To? = 11,01, 62 120y Tg, P Tg, @

0 qu @ AL01,02120) Tg, — Tg,

=(11,+1-11200 T P 74P +@2001200 To® To® +(11; -1 +11200T_; P T, P

__1 i 2 o F 4 1 +

_Waﬂ a+y5a a" +Ea a, '

=V 35 @faf+alah.

Thereforetheoperatora_™ a, ™ + a,™ a,7) createsanl = 2 state. Similarly,
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To? = 11,01, |00y Tg, ¥ Tg, @
0 th%( 01, G2 100) Ty, = Tq,

=(11:+1 -11000 T P 74P +@11:001000 To® To® +(11; -1 + 1|00 T_; P T,, P
:%mfa_T_%aZTazT+_1:3_&Ta+T

V3 V3
:L(Za_T&T_aTa+)=_L(a+aT+ T ++a+a+)=_L§T.§T
\/3 Z Z \/§ X X ay ay Z Z \/g .

The lastexpressiorshowsit is manifestlyrotationinvariant. Thereforetheoperato2a_" a, " - a," a,7) createsanl =0
state. Therestof thejob is to properlynormalizethe statesreproducinghe aboveresults.

(h) ForN = 3, it is clearthatthe statewith the highestL, eigenvaluas (aU)3 |O> with m= 3. Hence,it belongsto the
| = 3 representationwhich has21 + 1 = 7 states. Theonly oneway to createanm = 2 stateis a,(a, *)2 | 0), sothereis no
orthogonall = 2 representation However,therearetwo m= 1 states(aﬁ)2 af | 0) and(az*)2 af | 0), sothereis an

N . .3
orthogonall = 1 representatiomvith 3 states. Finally, thereare only two waysto makeanm= 0 state,(a,") | 0> and
a,"a.Ta_T|0), sothereis notanadditionall = 0 representationThus,thereare10 statesn total.

Similarly, for N = 4, the highestrepresentatiomustbel = 4 with 9 states.Learningfrom above thereareonly threeways
to makem = 0: (aﬁ)2 (a_T)2 | 0), (azT)2 a,Taf | 0), and(az*)4 | 0), sotherearethreetotal representationsThe only

m=3 stateisa," (a, ") | 0), sothereis nol = 3; therearetwo m = 2 stateqa, ¥ Yat |0) anda,"(a, ) | 0), sothereis
anl = 2 representatiowith 5 states.Thefinal representatiomustbel = 0 with onestate. This gives15 statedn total.

(i) [optional] We notethatthe creationoperatorsare linear combinationsof X andp andhenceparity odd. Therefore,
N = ever stateshaveevenparity, andhencecanonly haveevenl, while N = odd statesodd parity, andhenceoddl!. In
generalN = ever stateshavel =0, 2, ---, N, while N = odd stateshavel = 1, 3, - - -, N. It canbeverified by looking
atthenumberof states.(We will proveparity below.)

The numberof statesatlevel N is the numberof waysto makeN selectionsf thethreeobjectsa, ™, a, T anda_ T with
replacementWe mayusethe "multiset"s Hy =n12 Cn = (N+2)(N+1)/2. ForevenN = 2k, it is(k+ 1) (2k+ 1). Each

| =2j contribute2]l + 1 =4 + 1 statesandthe total is 2;‘20 4j+1)=2kk+1)+k+1)=(k+212k+1). Forodd
N =2k -1, the numberof statesis k(2k+1). Eachl =2j -1 contributes2] + 1=4j -1 states,andthe total is
z'j‘zl (4j-1) =2kk+1)-k=kk+1).

A)T - . . . ~>+ - - t T - -
(j) [optional] Recognizinghata -a=N is Herm|t|an,|.e.(a -a) :(a) '(a ) =a -a, wemayusetheBaker—Haus
dorff formulato evaluatehe expression:

— i h - —»T _in h ( )m - >
MM = &™N . = (a+a )~e' N = 50— Z = [N, [N, [N, [N a+a ]mm
m
Noting that[N, a™ ] = ¥a” we may collapsethis resultandseparateéhe evenandoddterms:

- i)™ - —»T - —>-I- - —>1-
X =4/ 5o Z L ((—1)m a+a ): e ((a+ a’)cos{n)+(—a+a )sin(n))

—]

— TIXIT =—X .

- =] . . . - - . w - —>+ . .
[ pIlf = —p follows immediatelywith X - p = —i v/ h'; (a -a ) sinceonly theoddtermchanges sign.



HW9.nb 6

(k) Thecomputations trivial:

.—>‘t—»
IT|N,I,m = ¢gr2 2

NI, m= =™ =@M =" .
(I Consideringonly the Wigner—Eckhartheorema?2P — 1P transitionis allowedsinceA | = 0 andl # 0. However,we
notethat2P and1P areboth parity—oddeigenstategwhich belongto odd N levels,aswe haveproved). The dipole

operatoris parity—odd,so the amplitudeof the transitionis zero by parity conservation A parity—oddoperatorcanonly
connectstatesof oppositeparity underconservation.

2. Rectangular Double-Well Potential

Overview:
Becausdhe potentialis infinite for | x| > a+ b, thewavefunctionshouldvanishatx = +(a+ b).

Fora< x<a+b and-a-b < x < —a, the potentialvanishesandthe wavefunctionis givensimply by a planewavee*' kK
with energyE = #2 k2 /2m.

For —a<x<a, the potential is large Vy, and the wave function damps exponentially, e** with
W2 k> =2m\Vp —E)=2mVy — 72 k2.

Becausehe potentialis parity—invariantvV(—x) = V(x), we expectthe groundstateto be a symmetric(parity—even)unc
tion, with a closeexcitedstatewith ananti-symmetridparity—odd)wavefunction.

Parity—even ground state:
Thewavefunctionfor —a < x < a mustbey(x) = Acoshk x.

Fora<|x| <a+ b, thewavefunctionmustbey(x) = Bsink(x — a— b) to ensuregheboundaryconditionat | x| = a+ b.
For-a—-b<x<-a,y¥(X) =y(—x) = —Bsink(x+a+Db).

To matchthe logarithmicderivativey’ (a)/y(a), we need% = ktanhka = kcotk(=b). The conditionatx=-a is
preciselythe samedueto the parity.

Parity—odd excitedstate:

Thewavefunctionfor —a < x < a mustbey(x) = Asinhk x.

Fora < x < a+ b, thewavefunctionmustbey(x) = Bsink(x — a— b) to ensuregheboundaryconditionat | x| = a+ b.
For-a—b<x<-a,y¥(X) = -¥(—x) =Bsink(x+a+Db).

Y (@)

To matchthe logarithmicderivativey’ (a)/y(a), we need 7@

preciselythe samethanksto the parity.

= kcothka = kcotk(—b). The conditionatx= —a is

Energy splitting:

First we takethe limit of theinifinite potenitalbarrierVy — o, andhencex -» «. Thencothka=tanhka= 1, andthe
conditionis —kacotkb=xa— . The only way to satisfy this equationis by taking kb = (2n+ 1)7 so that
cotkb —» —oo. Thelowestenergyis obtainedby kb = 7. Namely,to theleadingorderin largeVy , k= & andE = fzm’;zz
for both parity—evenandodd states. This makessensebecausehe wavefunctionfits rightin betweertwo infinite potential
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barriers.

Now we makethe potentialbarrierfinite butlarge (x a>> 1), andthetwo statessplit. To seethe differencebetweertwo
energylevels,we notethatthe only differenceis betweenanhx a andcoth« a, andfor alargexa > 1, thedifferenceis
exponentiallysmall,

tanhka=1-2e2%2 + O(e**?), cothka=1+2e2¥2 + O(e4<?) .
Thereforewe would like to solvexa (1 ¥ 2e2%2) = —kacotkb to find k ~ % for parities+ 1. We expandkb =7 - €, and

—kacotkb= 29D _ X2 o) = 22 4 O(?),

andhence

i =kalF2e ), €= (1x2e24) .

Thereforethe energyeigenvalugs

E= 2 (1-21 (122e2a)

to leadingorder. Thedifferencein theenergiedbetweerthetwo low-lying statess exponentiallysuppressedsexpected,

72 2

—2Kka
2mb? '

8
AEZ E

Note thattheexponentiabuppressiom theenergydifferencee?%2 is preciselythe WKB factorin thelimit Vo > E,
exp(—% f;\/ 2m(V -E) dx) = exp{—% V2mVy 2a)=e2¢2, verifying the origin of the energysplitting due to the
tunnelingbetweertwo minima.

Plot the wavefunctions:

Wechoosea=b=1,m=1,%=1, andVy = 10. MuchlargerVy, makesit impossibleto find the differencebetweerthe
two energy eigenvaluesiumerically. We cansolvenumericallyfor k,

keqe = x Tanh[xa] == -k Cot [kb] /. {x->V2mVy -k?}/. {81, a>1, b>1, m>1, V, ->10};
kr oot e = Fi ndRoot [keqge, {k, 3}1;

ksole =k /. kroote

2.53762
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Plot [If [Abs[x] <1, Cosh[\/ 20 - ksol e2 x],
Oosh[\/ 20 - ksol €2 ]

Si n[ksol e (Abs[1] -2)]

Sinfksol e (Abs[x]-2)1], {x, -2, 2}];

35}
30¢
25¢
20¢
15¢
10¢

keqo =xCoth[xa] == -k Cot [kb] /. {x->V2mVp -k?2 } /. {#>1, a-»1, b1, m->1, Vo »10};
kr oot o = Fi ndRoot [keqo, {k, 3}1;

ksolo =k /. krooto

2.53855

Plot [If [Abs[x] <1, Si nh[\/ 20 - ksol 02 x],
Si nh [/ 20 - ksol 0? |

Si Si n[ksol o (Ab -2 -2, 2}];
Hontx Si n[ksol o (Abs[1] -2)] ntksolo (Abs[x] -2)1]. tx. -2, 23];

30¢
20¢
10¢

-10¢
-20¢+
-30¢F

3. [optional] Rotation Spectra of Diatomic Molecules

The vibrationalsplittingsaresmallerthanthe rotationalsplittings,sowe pick out the transitionfrequenciest the vibrational
groundstate"0" assuggestedor 12 C 32 Siin MHz:
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freqs1232 = {48990. 973, 97980. 950, 146969. 033, 195954. 226, 244935. 737,
293912. 244, 342883. 000, 391847. 030, 440803. 392, 489751. 040, 538688. 830};

We ignorethe uncertaintiesincetheyaresosmallcomparedo thedifferenceshetweeradjacenfrequencies.

Theenergysplitting is

E-Ei=2 =2 ((+D)-(-D(-1+1)= 2 (i2+j-j2+])
=2 j=nent)

so we expectthe frequencyof the downwardsplitting of statej to be f; = 27‘? j for somemomentl . Letusimplement
fitting andplotting routines:

fitfunc[j ] = j /. h>1.05457148 %1073

2710

Ifit[fregs_1:=10/. FindFit[freqs+10%, fitfunc[j], {{10, 1073 /10" }}, {j }1:
plotfit[freqgs_, If_]:=Showl[
Pl ot [

fitfunc[j1/102 /. 10>1f, {j, O, Length[fregs] +1},

AxesOrigin- {0, 0}, AxesLabel - Traditional Form/e {"j", "f [THz]"},
Text Styl e » {FontFam |y ->"Ti nes”, FontSi ze -» 8},

Di spl ayFunction - ldentity

1,

Li st Pl ot [
fregs /10°%, Axes - Fal se,
Pl ot Styl e -» Poi nt Si ze[0. 021,
Di spl ayFunction - ldentity

1,
Di spl ayFuncti on -» $Di spl ayFuncti on

Let usnow performthefit andplot theresult:

11232 =1fit [freqsl232]
plotfit[freqsl232, |11232];

3. 42682 x1074®

f [THz]
0.6

05
0.4
0.3
0.2

0.1

2 4 6 8 10 12 )

We obtain perfectlinearity, showing the accuracyof the model given. This fit resultsin a momentof inertia

| =3.43x10°° kg-m?. Whatis theinteratomicdistancethat correspondso this moment?We cantry a classical'barbell”
modelfor themoleculeaboutthe centerof mass:

l=myri2+mpr?, mry=nprsy, R=r1 417
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===l =m1($2—1f2)2+mzr22=”2 =\ (T +m)

2
= R=(%+l)\/%=\/l "h(r:1h+mz) (mln:rlmz)

_ My +Mp
R=4/1 T

(Wefind | = u R? wherey is thereducedmassasonewould expectfrom co-orbitingbodies.) Let uscompute:

mL + n2 27
Rrol [10_, mL_, n2_] = IO—/(1.66*10' ) ;
ml % n2
R1232 = Rnol [l 1232, 12, 32]

1.53799x 10710

We find thatR ~ 1.54A for 12 C 32 S, Accordingto Wikipedia,the covalentbondradii of carbonandsulfur are 0.77A and
1.02A respectivelysothis resultis in the ballpark. Furthermorethe barbellmodelshouldbe decentbecauséhe vibra
tional modeis fairly stiff andthe masss well-localizedin the nuclei.

Let usproceedo runthenumberdor 12 C 34 S:

freqsl1234 = {48206. 915, 96412. 940, 144617. 109, 192818. 464, 241016. 194, 289209. 230};
11234 =1 fit [freqsl234]

R1234 = Rnol [1 1234, 12, 34]

plotfit[freqsl234, |11234];

3.48193 x1074®

1.53782x 1071

f [THz]

0.3
0.25
0.2
0.15
0.1
0.05

Andfor12C 3 s;
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freqsl1236 = {47508. 819, 95016. 722, 142522. 785, 190026. 190, 237526. 008};
11236 =1 fit [freqs1236]

R1236 = Rol [I 1236, 12, 36]

plotfit[freqsl1236, |11236];

3.53301 x1074®

1.53779x10°1°

f [THz]

0.25
0.2
0.15
0.1

0.05

i

1 2 3 4 5 6

Finally, we compareghe momentf inertiaandinteratomicdistancedor thedifferentisotopes:

(11234 -11232) /11232
(11236 - 11234) /11232

0. 0160826

0. 0149067

(R1234 - R1232) / R1232
(R1236 - R1234) / R1232

-0. 000109108
-0. 0000172965
As expectedthe momentof inertiaincreasedinearly with smallchangesn sulfur mass( ~ 0.75%/1amu, andsothe

spectrumscalegtighter asseenin the plots. However,the interatomicdistancesareroughly the same which is also
expectedsincethe physicsof moleculamondingis hardly affectedby nucleamassat low rotationandvibrationlevels.



