
HW #8 (221B), due Apr 12, 5pm

1. Calculate the path integral with the imaginary time for a boson. We
focus only on one momentum mode ψ(~x, τ) = 1

L3/2ψ(τ)ei~p·~x/h̄,

Z =
∫
Dψ∗(τ)Dψ(τ) exp

[
−1

h̄

∫ h̄β

0
dτ
(
ψ∗ψ̇ + ψ∗Eψ − µψ∗ψ

)]
, (1)

where E = ~p2/2m. The integration variable ψ(τ) satisfies the periodic
boundary condition ψ(h̄β) = ψ(0). You can Fourier expand it as

ψ(τ) =
∞∑

n=−∞
zne

i2πnτ/h̄β (2)

and do the full path integral using the measure

Dψ∗(τ)Dψ(τ) =
∞∏

n=−∞
dz∗ndzn. (3)

Show that the result of the partition function is

Z = c
e−β(E−µ)/2

1− e−β(E−µ)
(4)

where c is an overall constant that does not depend on m or β. Then
using the fact that Z = e−βΩ with Ω = F −µN , work out the expecta-
tion value of the number and the energy. The following identity comes
in handy:

∞∏
n=1

(
1 +

x2

n2

)
=

sinh πx

πx
(5)

2. Obtain eigenstates of the following Hamiltonian

H = h̄ωa†a+ V a+ V ∗a† (6)

for a complex parameter V using the coherent states.


