129B Solutionsto HW#1

) ] 1 (#of events)
e 1. Decay ratehasadimension of ( )

[Time] At
In thenatural units timehas thedimension of inver semass. (Think

of theUncertainty Principle AE At ~ Ziand remember that =1

1 1
—>[Time] = ———— = (thinkof E=mc?, c=1) = )
[Energy] [Mass]

Thus, decay rate must have the dimension of mass.

Next,

weknow that decay rateisproportional to | Amplitude|?,
and theamplitude for themuon decay hasGeg init.
Hence, I' o« GZ .

Finally,

toget thedimensionright, wemust find somethingwith the
dimension of [Mass]® . We areneglecting theelectron mass
so theonly mass par ameter |€ft is themuon massM ,, and so

I' = (Constant ) x G2 Mi .

e 2. TheParticle Data Group booklet lists the following values for
thelifetimesand branching fractions:
7 (i) = (2.19703 + 0.00004) x 107° sec
7 (1) = (2910 £ 1.5)x 107 sec
Branching Fraction (r — eve v;) = (17.83 £ 0.08) %
Branching Fraction (r — u v, v;) = (17.35+ 0.10) %

Notice that therelativeerror for themuon decay ismuch smaller .
Indeed, it must bealot easier to measure somethingwith the
lifetime of 2.2 microseconds, asopposed t02.9 x 1023 seconds!
(Someof you may have even done the muon lifetime measur ement
inyour 111 L ab class.) That is why the problem asksyou toinclude
theerror bars only on thet — decays.

Thecorresponding decay ratesare:
1
r e = = 455160 sec™*
2.19703 x 106 sec
1

FTe = W x.1783 = 6.127 % 1011 Sec_l
Il X 107 sec
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1
M= ——— x.1735=5.962x 10" sec™!
2.91x 1013 sec
Theerror barsfor thelatter two:
O_(FTE) =
o (Br.ratio)\2 (o (1))? .08 2 1532
re ( : ] +[ ] =6.127x 10" \/(—--—) + [--] = 4.19x10° sec™*
(Br. ratio) T 17.83 291
o(I'' =
o (Br. ratio) )2 o 2 10 \2 152
r ( ( _ )] +( (T)] =5.962x 10 \/(---] + [——-] = 4.61x10° sec™t
(Br . ratio) T 17.35 291

e 3. Finally, consider theratios:
G (re M3\ (6.127x10" 105.66°
gk (M5 e ) | 455160 17775

1/2
] = 1.00023

G (r* MS)* (5962x10" 105.66°
G\ MS Tee ) | 455160 17775
Theerror barsfor theratios:

Gre
o o =

1 o(@I®))2 o(M;)\° 1 419%x10° \? 30 \5
(_ ) +(5 ) - [z 222 +(5——-] = 0.0035
2 I M, 2 6.127x 104 1777

G¢' 1 o (™) )2 o(M)\° 1 461x10° )2 30 \°
o[2)=4(5 | +(s ) =\[5 oo | +(55=5] =000
GF 2 TI™ M 2 5.962x 10 1777

1/2
] = 0.98667

T

[Hint (ify=f(x,y), then

af\2 af \2
(o)’ = (——) (0 () + [——) (o () ]
X ay

As theabovenumbersshow, theerror isdominated by the
uncertainty inT’, theuncertainty dueto theerror bar on the
massof the tau isalmost negligible.

Putting everything together, wehave

7€ TH
- 1.00023 + 0.0035 and F = 0.98667 + 0.0040
£ GEe

Thefirstratioisin perfect agreement with 1, thesecondisvery
close to 1, but not within theerror bar . Isthereaproblem?
Theanswer isvery instuctive: what you areseeingis theeffect
of the finitemuon mass. Theproblem says that thecorrection
due to the finitemass of theelectron isof theorder of
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2 2 2
° . While theratios — and — areindeed negligible,
2 M2
H M T
2
theratio — gives thecorrection of theorder of 1% .

M2

(Theratioitself actually equal s0.35%, but you arenot given
theexact coefficient in front of it . Thecofficient, in fact,
equals(—8), so that theresultingcorrectionis0.35% x (-8) =
—-2.8%.) Youcanalsounderstand thesign of thecorrection :
I'™ is smaller becausein thiscaselessphase spaceisavailable.

It youwould like to comparenot only theratiosbut also the
absolutevaluesof thedecay ratewith experiment, you need
toknow thecoefficient in front of G M?,, and for that you

have todoan honest calculation .

r=fdr=
1 1 1
x (Average | M|?) x dd = - Z IMI? | x dd
2M, oM, | 2|4

L uckily, Z IM|?isgivenin theproblem, itisequal to128 G2 Py, *Pe) (Pye - P).
hel

The task is to evaluate thephasespaceintergral :

1
- M |de =
J 3l
1 2 4 (4
f; [Z IM| ](270 6" (P =Py —Pe—Py,) %
hel
o ﬁ"ll d* ﬁl’e d® —\e
(2m°(2E,,) 2n)°@E,) (2n)*(2Ee)
Thephysical meaning of thisintergral is that you aresumming
over all phase spacepoints that satisfy the energy — momentum
conservation constraint . Theprocedurehereisthe following:
first you have todo4integrations toget rid of all 4§ — functions
and then do theremainingintegrals. In thiscaseweare
neglecting themasses of the final state particles, so the
intergration over § — functionsisreally easy, you just have to
remember 2 things:
« after you intergrate over somevariableits valueeverywhere

in theintergralshould bereplaced by whatever the
6 — functionrequires,

i.e.ff(x)é(x—a)dx:f(a); and,

« you should keep in mind therule



HW1Solution.nb

o(fx) =1/ | f (04 point xg wheref (x4)=0 | :

. L1 2
To savespace, wewill not write — Z IM|

] in theintergrand
hel

for awhile.

First, integrateover b‘yu :

fd@ ! 6(MM, -E, —Ee—E, ) 1 &P, P,
_8(271.)5 7] Ve e Yu E .

ve Eve Ee

In thisexpression now by E,, wemean

JME+BL =T, =T, +Pe| . My, =0,

Next, go topolar coordinates:
d*p, -d*P,— p?, dp, dQ;-pZdp,dQ, =
EZ, dE,, d€; - E5 dE. d€2; . (Again, neglect me).

1 1
fd<1> =30 fa(Mﬂ ~Ey —Ee—Ey,) E,, dE,, dQ; Ee dEe dQ;

Ev,

Let' sdeal with thesolid angleintegral :
fdﬂl dQ, = fdﬂ d¢ d (cosh),

where Q specifies thedirection of the first vector, and ¢ and 6 specify

thedirection of thesecond vector relative to the first . Thismakes sencebecause theintegrand
dependsonly on therelativeangle 8 between the twovectors. In fact, thedependenceisonlyin
Ey, =10, +Pe| = (0%, + 2Dy, pecost + p2)"* = (B2 +2E,, Ee cos + E2)"

)
1 2
because — Z IMIe| =
2 hel

64 GEZ (Dy,, - Pe) (Bre +P) = 32GE (py,, + Pe)’ (Dye +P) = 32GE (P = py, ) (py - P) =

32GE (P* = 2Ppye + P5.) (Pye - P) = 32GE (M5, = 2M,, E, ) M, E,, dependsonly on E,,
Hence, integrationover Qand ¢ istrivial :

fdﬂd(b =4xx2x=8n>.

Integration over cosd isabit moreinteresting :

1 1 E,. Ee
M, —E,, —Ee—E,,) — E,, Ecd(cosf) = =
Ev, (IdE),, /d(cos)| Ey,
-1
2 EVE Ee Eve Ee _ EV,_, Eve Ee _
2(E2, + 2E,, Ec cosd + E3)"/? = Ev.Ee E,

7]
Thus, weended up with

82 1
i =3 imP|dE, de. =
8(2x)° 2 45

1 1
- |M|2]dEV dEe.
sznsfz[hze,: ¢
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Wehave been sloppy about thelimitsof theintegration, nowis
the timeto fix that . Consider energy — momentum conservation :
E"u =M, -E.-E,,
and E,, =1p, +P,|=(E2, +2E,, Eccosf+ EY)Y?
(M, —Ee = Ey)* = (E5_ + 2E,, Ec cosf + E3)
M2 — 2(Ee + Eyg) M, + 2E,, Ec (1 - cosh) = 0
2Ee (=M, +E,, (1 - cost)) = 2E,, M, — M},
M, M, —2E,,
2 M,-E, (1-cos)
Thismeans that for agiven E,, wehave
M,/2-E,, <Ee<M,/2,
ascosf changes from — 1to1.

Ee =

Finally, wecanwrite
1 1 Mu/2 1

) My, /2

Ir=  — - | M| |dE,, f dE. =

323 2M, Yo 2 [% ] e My /2-Ex, e
1 1 M /2 L

3271'3 2M 0 SZGF (M”_ZM”EVG)MF EVe dEVeXEVez

u

G% My /2 ) ,

273 j(; (MF_ZM;! EVe)Eve dE,, =
3 H - u

2r 3 4

T 2x8x12x3  192x3



