
 129B    Solutions to HW#1
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In the natural units time has the dimension of inverse mass .
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Thus, decay  rate  must  have  the  dimension  of  mass .

Next,
we know that decay rate is proportional to È Amplitude È2 ,
and the amplitude for the muon decay has GF  in it .

Hence, G µ GF
2 .

Finally,
to get the dimension right, we must find something with the

dimension of @MassD5 . We are neglecting the electron mass
so the only mass parameter left is the muon mass Mm , and so

G = HConstant L¥ GF
2  Mm

5 .

è 2.  The Particle Data Group booklet lists the following values for
the lifetimes and branching fractions :

t HmL = H2.19703 ± 0.00004L´ 10-6  sec

t HtL = H291.0 ± 1.5L´ 10-15  sec
Branching Fraction Ht � e n

�
e  ntL = H17.83 ± 0.08L %

Branching Fraction Ht � m n
�

m  nt L = H17.35 ± 0.10L %

Notice that the relative error for the muon decay is much smaller .
Indeed, it must be a lot easier to measure something with the

lifetime of 2.2 microseconds, as opposed to 2.9 ´ 10-13  seconds!

HSome of you may have even done the muon lifetime measurement
in your 111 Lab class . LThat is why the problem asks you to include
the error bars only on the t - decays .

The corresponding decay rates are :

Gme =
1
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2.19703 ´ 10-6  sec

= 455160 sec-1

Gte =
1
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2.91 ´ 10-13  sec

´ .1783 = 6.127 ´ 1011  sec-1



Gtm =
1
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2.91 ´ 10-13  sec

´ .1735 = 5.962 ´ 1011  sec-1

The error bars for the latter two :
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= 4.19 ´ 109  sec-1
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= 4.61 ´ 109  sec-1

è 3. Finally, consider the ratios :
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The error bars for the ratios :
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As the above numbers show, the error is dominated by the
uncertainty in G, the uncertainty due to the error bar on the
mass of the tau is almost negligible .
Putting everything together, we have

GF
te

�����������������
GF

me = 1.00023 ± 0.0035 and
GF

tm
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GF

me = 0.98667 ± 0.0040

The first ratio is in perfect agreement with 1, the second is very
close to 1, but not within the error bar . Is there a problem?
The answer is very instuctive : what you are seeing is the effect
of the finite muon mass . The problem says that the correction
due to the finite mass of the electron is of the order of
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gives the correction of the order of 1 % .

HThe ratio itself actually equal s 0.35 %, but you are not given
the exact coefficient in front of it . The cofficient, in fact,

equals H-8L, so that the resulting correction is 0.35 % ´ H-8L =

-2.8 % .L You can also understand the sign of the correction :
Gtm is smaller because in this case less phase space is available .

Ï Optional

It you would like to compare not only the ratios but also the
absolute values of the decay rate with experiment, you need
to know the coefficient in front of GF

2  Mm
5 , and for that you

have to do an honest calculation .

G = à dG =
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Luckily, â
hel

ÈMÈ2 is given in the problem, it is equal to 128 GF
2  Hpnm × peL Hpne × PL .

The task is to evaluate the phase space intergral :
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The physical meaning of this intergral is that you are summing
over all phase space points that satisfy the energy - momentum
conservation constraint . The procedure here is the following :
first you have to do 4 integrations to get rid of all 4 d - functions
and then do the remaining integrals . In this case we are
neglecting the masses of the final state particles, so the
intergration over d - functions is really easy, you just have to
remember 2 things :

• after you intergrate over some variable its value everywhere
in the intergralshould be replaced by whatever the
d - function requires,

i . e .à f HxL d Hx - aL dx = f HaL; and,

• you should keep in mind the rule
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d Hf HxLL = 1 � É f' HxLat point x0 where f  Hx0 L=0 É .

To save space, we will not write
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First, integrate over pÓÖ nm
:

à dF =
1
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8 H2 pL5
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In this expression now by Enm we mean

$
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Mm
2 + pÓÖ nm

2
= Èp

ÓÖÖÖ
nm

É = Èp
ÓÖÖÖ

ne
+ pÓÖ e É . HMnm = 0L .

Next, go to polar coordinates :
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× d3  pÓÖ e �pne
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2  dpe dW2 =
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2  dEe dW2 . HAgain, neglect meL .
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Let' s deal with the solid angle integral :

à dW1 dW2 = à dW df d HcosqL,

where W specifies the direction of the first vector, and f and q specify
the direction of the second vector relative to the first . This makes sence because the integrand
depends only on the relative angle q between the two vectors . In fact, the dependence is only in

Enm = Èp
ÓÖÖÖ

ne
+ pÓÖ e É = Hpne

2 + 2 pne  pe  cosq + pe
2 L

1�2
= HEne

2 + 2 Ene  Ee  cosq + Ee
2 L

1�2 ,
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64 GF
2  Hpnm × pe L Hpne × PL = 32 GF

2  Hpnm + peL
2  Hpne × PL = 32 GF

2  HP - pne L
2  Hpne × PL =

32 GF
2  HP2 - 2 P pne + pne

2 L Hpne × PL = 32 GF
2  HMm

2 - 2 Mm  Ene L Mm  Ene  depends only on Ene .

Hence, integration over W and f is trivial :

à dW df = 4 p ´ 2 p = 8 p2 .

Integration over cosq is a bit more interesting :
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Thus, we ended up with
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We have been sloppy about the limits of the integration, now is
the time to fix that . Consider energy - momentum conservation :
Enm = Mm - Ee - Ene

and Enm = Èp
ÓÖÖÖ
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+ pÓÖ e É = HEne

2 + 2 Ene  Ee  cosq + Ee
2 L
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HMm - Ee - Ene L
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2 + 2 Ene  Ee  cosq + Ee
2 L

Mm
2 - 2 HEe + Ene L Mm + 2 Ene  Ee  H1 - cosqL = 0

2 Ee  H-Mm + Ene  H1 - cosqLL = 2 Ene  Mm - Mm
2
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This means that for a given Ene we have

Mm � 2 - Ene < Ee < Mm � 2,

as cosq changes from - 1 to 1.

Finally, we can write
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