129B Solutionsto HW#2

=Yl =
el g2=8ngG&S7 =8+80.332+1. 166410567 =0.4258 — g = 0. 6523.
The main source of error is the uncertainty in the W boson mass (0. 15 GeV),
the Fermi constant is neasured to 6 decimal places. g «ny, hence
oHgL = oHmL * Hg é myl = 1. 2 % 1073,

2. Qg?@H4rnL=0.426€H4 nL =3.39%102. This nunber is larger than the QED fine
structure constant a=e?éH4 nL =1€137 =0.730%10-2. The weak interaction is
actual ly stronger than el ectromagnetic at very small distances. O course,
the reason why we call it weak is because the W boson that nediates it is
very heavy and hence the range of the interaction is very snall.

e 3. Using the following formula for the decay rate ( derived later in the

ot i onal ),

gZ
THW —e vel = ——— 1
Vel = g AL (D

we find Tpredicted = 0. 426 %80. 33€H48 nL = 0. 227 GeV.
The neasured value IS Theasured = 2. 07 #0. 108 = 0. 227 GeV.

The error bar for Tpeasuwres IS equal to 0.224 x i %W%W@@@Wf =0.01 GV, so

10.8

the two nunbers are conpletely consistent.

Here you are asked to derive the expression (1) for the "partial" decay
rate of the W-boson into e~ v, fromthe first principles (i. e., Feynman
Rul es). The starting point is the Feynman anplitude:

, ig 1-vs ”
iM = N 0 Hpel v, v Hp,L e* HpwL, (2)
P
where e*HpylL is chosen to be T;}121—HO, 1, 4, OL, i. e. the spin of the Whboson is

pointing in the positive z-direction; uHpeL is the wavefunction of the
el ectron going in the Hsinecose¢, sinesing, coseL direction and vHp,L is the
wavefunction of the antineutrino going in the opposite direction.
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The derivation consists of two steps:

e First, plug in the expressions for the wavefunctions, and nultiply through

the matrices. This answers part b). Consult the handout; on the solutions to

the Dirac equation fromthe [ ast senmester for the exact expressions for uHpeL
and vHp,L.

e Next, plug in the result for EME2 into the expression for the decay rate

(Eq (1) fromthe handout, on cross sections, decay rates, etc.) and performthe

phase space integration. This is all there is to part a).

In the following we neglect the mass of the electron. This is justified, since
its energy in the process H=nyé2 =40GeVL is nmuch greater that its rest
nass.

Wth this assunption the two possible helicity states are:

=Ml =
u, = eE JX+N and u_ = eE J X-
X+ -X-

participates in this interaction.

N. We will denonstrate that only u_ state

For a massless antiparticle the corresponding states are:

2l — =
V, = eE J X_N andv_ = eE JX+
X- X+

VHp,L=v,.

N. An antineutrino can only be right-handed, i.e.

Consi der the action of HlL-ysL&2 on the spinors. If this operator is applied
on the right, it gives HL-ysLé2-v, =

_I| —IINe!II J—):_ =e!g J—):_
were instead | eft-handed, the result would be zero. W see that Hl -ysLé?2,
when acts on the left, projects out the |left-handed helicity state, because in
that state 2 x spinors enter with the sane sign. Conclusion: even if the
antineutrino had a | eft-handed conponent, that conmponent would not couple to
the W What about the electron? It does have two components, but again only
one (Il eft-handed) couples to the W boson. To see that, operate Hl-ysLé2 on

the | eft:

%J N=v,. Notice, however, that if the antineutrino

Hl-y5L
2

1l+yg

= u1LHpeI—YO >

aHpeL ¥, ¥ = TUTHpeL 225 Mg .

The bracketed expression vani shes when uf =ul, because in this case again
there is a relative "+" sign between the two x spinors.

To sunmari ze, we have shown that

ig 1-vs ig
E;g;'u HpeL.Xu V prL.= ?5%;‘0_ HpeL_Bh V+I4va.
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-sin%e'“’
Now it's time to use the explicit formof the spinors x_=i %:
{
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This is the anticipated answer for part b). Notice the choice of the angle
variable in v,: it is (e-n)/2, because the antineutrino travels in the
opposite direction with repect to the electron (to which e refers). A so
notice that in the last step the fact that E. =E, = nyé2 was used.

Let's discuss the e-dependence of the anplitude. As we concluded before, the
spin of the electron is pointing in the direction opposite to its nmonentum and
the spin of the antineutrino is pointing in the direction of its nonmentum
Therefore, the final state has angul ar nonentum -1 with respect to Pe, whil e
the initial state angul ar nmonmentum points along the z-axis. The problem thus,
reduces to a standard quantum mechani cs question: if you prepare a state with
angul ar monentum +1 along the z-direction, what is the anplitude of neasuring
angul ar nonmentum -1 al ong sone other axis that nmakes an angle e with the
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z-direction? The answer is given by the so-called d-functions, which can be
found, for exanple, in the PDG next to the tables of C ebch-Gordan
coefficients. In our particular case we start with angul ar nmomentum +1 (hence
di.), and end up with angular nonentum 1 (hence d{ ) and projection -1 (hence
df ;). The PDG quotes d{ , =Hl -coseLé&2, just as we found! O course, the
anplitude should be zero if the electron in going in the positive z-direction,
as it is inpossible to conserve angul ar monentumin this case.

Now |l et's do the phase space integral:

- §M§2d§=
M

2
1
2My 4 H2 73 H2 EcL H2 mL3H2 E,L

—_ S A H1 - coselL? H2 x4 8" HPy - p, - peL H&) @O
ds 1
_9"Myv_ 3 H1 - coseL? 6™ HEy - E, - E.L Pe -
H2 nL2 8 H2 EcL H2 E,L

Here E, = p, = pe =E. (see the solution for HW#1 for details).

2 2dE, dQ 1
.= ﬂaHl-coseLz ML HEw - 2 EoL Ee dE =
H2 nL2 8 H2 E;L  H2 EoL
gZ—MN 3 H1 - coselL? M- HEyw- 2 E.L dE. d¢ si nede =
H2 nlL2 32
4 27
2 1 2 = 23 2
ﬂaHl cosel? — dH-coselL x 3 dl¢—mx _¥= 9" My
H2 nlL2 32 2 o H2 L2 32 3{ 48 7.
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